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Abstract In this paper, the crack growth simulation is
presented in saturated porous media using the extended
finite element method. The mass balance equation of
fluid phase and the momentum balance of bulk and
fluid phases are employed to obtain the fully coupled
set of equations in the framework of u−p formulation.
The fluid flow within the fracture is modeled using
the Darcy law, in which the fracture permeability is
assumed according to the well-known cubic law. The
spatial discritization is performed using the extended
finite element method, the time domain discritization is
performed based on the generalized Newmark scheme,
and the non-linear system of equations is solved using
the Newton–Raphson iterative procedure. In the con-
text of the X-FEM, the discontinuity in the displace-
ment field is modeled by enhancing the standard piece-
wise polynomial basis with the Heaviside and crack-tip
asymptotic functions, and the discontinuity in the fluid
flow normal to the fracture is modeled by enhancing the
pressure approximation field with the modified level-
set function, which is commonly used for weak discon-
tinuities. Two alternative computational algorithms are
employed to compute the interfacial forces due to fluid
pressure exerted on the fracture faces based on a ‘parti-
tioned solution algorithm’ and a ‘time-dependent con-
stant pressure algorithm’ that are mostly applicable to
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impermeable media, and the results are compared with
the coupling X-FEM model. Finally, several bench-
mark problems are solved numerically to illustrate the
performance of the X-FEM method for hydraulic frac-
ture propagation in saturated porous media.
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1 Introduction

Materials such as soil and concrete possess consid-
erable amount of voids that significantly affect the
mechanical behavior of porous materials. In such mate-
rials, two behaviors can be distinguished; one is due to
the solid skeleton which acts as the primary load trans-
mitter constituent and the other is fluid phase acting as
filler for voids with its special effects. The mechani-
cal behavior of the fully or partially saturated porous
medium and in particular of soils, is governed largely
by the interaction of the solid skeleton with the pore
fluid, generally water, present in the pore structure. The
interaction between the solid and fluid phases leads to
a complicated coupled behavior in the porous media.
Generally, porous media are described as multiphase
media with separate velocities and stresses for each
phase, thereby the stress acting on the solid skeleton
is usually referred to as effective stress, and the hydro-

123



80 A. R. Khoei et al.

static stress acting on the fluid phase is denoted as the
excess pore fluid pressure.

The first study on deformable porous media was pre-
sented by Terzaghi (1943) in one dimensional consoli-
dation of soil column. Biot (1941) and Biot and Willis
(1957) developed a complete expression for governing
equations of two phase saturated porous media. The
mixture theories were developed by Green and Naghdi
(1969); the volume fractions were introduced by Mor-
land (1972) and Bowen (1976); and an alternative
derivation of Biot coupled equations were presented
by Ghaboussi and Wilson (1972) and Derski (1978).
Rice and Cleary (1976) applied the Biot linearized
quasistatic elasticity theory of fluid-infiltrated porous
materials to solve the introduced edge dislocation with
concentrated line force and the pressurized cylindrical
and spherical cavity. A plasticity theory of saturated
porous media was presented by Boer and Kowalski
(1983), and a more common formulation for non-linear
analysis of deformable porous media was proposed by
Zienkiewicz and Shiomi (1984). An explicit compu-
tation algorithm was presented by Zienkiewicz et al.
(1990a,b) for modeling the static and dynamic behav-
ior of deformable porous media. Simoni and Schre-
fler (1991) developed a formulation for flow of water
and oil through porous media, and Schrefler and Zhan
(1993) modified the formulation by considering the
effects of air flow. In addition, there are several recently
mathematical models proposed in the literature for fully
and partially saturated porous materials (Schrefler et al.
1995; Lewis and Rahman 1999). These models are gen-
erally on the basis of typical simplifying assumptions,
such as the rigid soil skeleton with no solid deforma-
tion (Wu and Forsyth 2001), the static gas phase with
null gas flow and uniform gas pressure equal to the
atmospheric pressure (Sheng et al. 2003), the omission
of phase transitions (Schrefler and Scotta 2001; Oettl
et al. 2004), and the quasi-static condition (Stelzer and
Hofstetter 2005). A detailed literature review on porous
media can be found in Lewis and Schrefler (1998),
Zienkiewicz et al. (1999) and Coussy (2004).

The finite element method has been successfully
employed for numerical simulation of differential
equations in various engineering problems. Despite the
capability of FEM technique in the solution of contin-
uum mechanics problems, there are some difficulties in
modeling of discontinuities such as fracture mechanics
problems with the standard FEM method. In fact, in
the approaches based on the standard FEM, modeling

of crack growth is restricted to the inter-element bound-
aries, suffering from the problem of mesh dependency,
or successive remeshing is carried out to overcome the
sensitivity to the mesh generated and avoid the pre-
ferred directions when the crack is propagating (Khoei
et al. 2008b, 2009; Moslemi and Khoei 2009), which
makes the crack growth simulation a computationally
expensive and cumbersome process. Various methods
have been developed for modeling such phenomenon,
among them the extended finite element method is a
powerful technique that benefits from the concept of
standard FEM method by employing the enrichment
shape functions based on the partition of unity prop-
erty. In this manner, the difficulties confronted in the
standard FEM are handled by locally enriching the con-
ventional finite element approximation with an addi-
tional function through the concept of the partition of
unity, which was introduced in the pioneering work
of Melenk and Babuska (1996). This idea was then
exploited to set up the framework of extended finite
element method by Belytschko and Black (1999) and
Moës et al. (1999). Indeed, the extended finite element
approximation relies on the partition of unity property
of finite element shape functions for the incorporation
of local enrichments into the classical finite element
basis. By appropriately selecting the enrichment func-
tion and enriching specific nodal points through the
addition of extra degrees of freedom relevant to the cho-
sen enrichment function to these nodes, the enriched
approximation would be capable of directly capturing
the local property in the solution (Daux et al. 2000;
Sukumar et al. 2001; Belytschko et al. 2001). Based on
the X-FEM, the evolving crack is simulated indepen-
dently of the underlying finite element mesh and with-
out continuous remeshing of the domain as the crack
grows. Since the finite element mesh does not need to
conform to the crack geometry, and thus the need for
the costly mesh regeneration and data transfer between
two successive meshes is eliminated, the X-FEM facil-
itates the modeling of the propagating crack. The tech-
nique has been applied in crack problems, including:
the crack growth with frictional contact by Dolbow
et al. (2001), cohesive crack propagation by Moës and
Belytschko (2002), fatigue crack growth by Stolarska
and Chopp (2003), stationary and growing cracks by
Ventura et al. (2003), three-dimensional crack propa-
gation by Areias and Belytschko (2005), and dynamic
crack propagation by Remmers et al. (2008). A review
on the extended finite element method was presented
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by Belytschko et al. (2009) and Fries and Belytschko
(2010). The application of X-FEM for modeling of fluid
flow in porous media has drawn considerable attention
by researchers. In this regard, the shear band evolu-
tion in fluid saturated porous media was modeled by
Réthoré et al. (2007a), the fluid flow in fractured sat-
urated systems was treated by Réthoré et al. (2007b),
the strong discontinuities in partially saturated porous
media was proposed by Callari et al. (2010), the satu-
rated porous media with material interfaces was mod-
eled by Khoei and Haghighat (2011), and recently the
hydro-mechanical modeling of cohesive crack propa-
gation in multiphase porous media was performed by
Mohammadnejad and Khoei (2013a,b).

In the present study, the extended finite element
method that was recently developed by Mohammad-
nejad and Khoei (2013b) for cohesive crack propa-
gation in multiphase porous media, was extended to
model the dynamic mixed-mode crack propagation in
saturated porous media. The mass balance equation of
fluid phase is applied together with the momentum bal-
ance of bulk and fluid phases to obtain the fully cou-
pled set of equations in the framework of u−p formu-
lation. The fluid flow within the fracture is modeled
using the Darcy law, in which the fracture permeabil-
ity is assumed according to the well-known cubic law.
The spatial domain discritization is performed based
on the X-FEM method, and the time domain discriti-
zation is carried out using the generalized Newmark
scheme. In order to incorporate the fracture opening
and the fluid exchange between the fracture and the
surrounding porous medium, several modifications are
applied into the X-FEM formulation. In this regard,
the displacement jump requires that the displacement
field be discontinuous across the fracture. In addition,
the fluid exchange implies that the fluid flow, which is
governed by the Darcy velocity of the fluid, in the nor-
mal direction to the fracture be discontinuous. Since
the Darcy velocity is related to the fluid pressure gra-
dient by means of the Darcy law, the normal gradient
of the fluid pressure must be discontinuous across the
fracture. In the context of the X-FEM, the discontinu-
ity in the displacement field is modeled by enhancing
the standard piecewise polynomial basis with a dis-
continuous enrichment function; and the discontinuity
in the fluid flow normal to the fracture is modeled by
enhancing the standard finite element approximation
of the pressure field with the commonly used enrich-
ment function for weak discontinuities. For the numer-

ical solution, the unconditionally stable direct time-
stepping procedure is applied to resolve the resulting
system of strongly coupled nonlinear algebraic equa-
tions using the Newton–Raphson iterative algorithm.
As a result, the solid displacement and fluid pres-
sure fields are obtained simultaneously together with
the fracture length. Furthermore, the fluid leak-off is
obtained as a part of the solution process without intro-
ducing any simplifying assumption. Finally, several
numerical examples are presented to demonstrate the
capability and the efficiency of the developed model
in the fully coupled simulation of hydraulically driven
fractures in deformable porous media. It is notewor-
thy to highlight that the current study is an extension
of a recently published paper by Mohammadnejad and
Khoei (2013b) developed to model the dynamic mixed-
mode crack propagation of saturated porous media with
a special reference to the hydraulically driven frac-
ture propagation in a concrete gravity dam, in which
two alternative computational algorithms are employed
to compute the interfacial forces due to fluid pres-
sure exerted on the fracture faces based on a ‘parti-
tioned solution algorithm’ and a ‘time-dependent con-
stant pressure algorithm’ that are mostly applicable to
impermeable media.

2 Governing equations of deformable porous
media with discontinuity

Porous medium refers to material that consists of solid
grains known as the solid skeleton and at least one fluid
phase such as water or gas that flows through solid
grains. Modeling of the hydraulic fracture propagating
in the porous medium involves the coupling of various
physical phenomena, including the deformation of the
solid skeleton, the pore fluid flow through the porous
medium surrounding the fracture, the fluid flow within
the fracture, the fluid exchange between the fracture
and the surrounding porous medium, and the propa-
gation of the hydraulic fracture. The partial differential
equations governing the hydraulic fracture propagation
in the porous medium consist of the equilibrium equa-
tion for the whole mixture and the continuity equation
for the fluid flow inside the fracture and through the sur-
rounding porous medium. The Darcy law with the con-
stant intrinsic permeability is assumed to hold for the
pore fluid flow in the porous medium surrounding the
fracture. Assuming that the flow of the fracturing fluid
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within the fracture is steady, the Darcy law is valid for
the fluid flow within the fracture. However, in contrast
to the porous medium, the intrinsic permeability within
the fracture cannot be assumed to be constant. Thus, the
Poiseuille or cubic law is employed to define the intrin-
sic permeability within the fracture. The validity of the
cubic law has been shown in the case of the laminar
flow of the Newtonian viscous fluid through fractures
with smooth, parallel walls (Witherspoon et al. 1980).
The deviation from the ideal parallel faces conditions
causes an apparent decrease in the fluid flow through
the fracture. This effect can be taken into account by
incorporating a coefficient into the cubic law. In fact,
this coefficient considers the influence of the fracture
roughness and the fracture opening variation on the
fluid flow.

Basically, two strategies have been used to describe
the porous media as a continuum body, one is the
mixture theory integrated by the concept of volume
fractions, and the other is the averaging theory that
describes the porous media from a micro-mechanical
point of view. In this study, the mixture theory of porous
media based on the Biot theory is employed to describe
the behavior of deformable porous media. One of the
most important concepts in the mixture theory is the
degree of saturation for non-solid phases, which is
defined by the ratio of volume of the phase to the total
volume of pores. In a fully saturated porous media with
only one pore fluid, the degree of saturation of non-solid
phase is defined as Sw = 1. In addition, the density of
total mixture can be defined for the soil-fluid domain as
ρ = nρw + (1 − n)ρs , where ρw is the density of fluid
phase and ρs is the density of solid grains. The total
stress tensor can be defined as σ = σ ′ − αpI, with
σ ′ denoting the effective stress acting between solid
grains, and p is an average pressure of fluid phases.
Parameter α is a corrective coefficient of pore pressure
effect on solid grains, in which for isotropic materials
can be computed by α = 1 − KT /KS , where KT and
KS are the bulk modulus of soil sample and solid grains,
respectively, and for most soils are given as α ≈ 1.

2.1 Mathematical model of saturated porous media

In order to derive the governing equations of porous
media, the Biot theory is employed in an updated
Lagrangian framework (Khoei et al. 2004). Consider
a two-phase media, in which the fluid phase is par-

tially saturated under the condition of pg = 0, and
the convective terms are neglected. The motion of total
mixture is defined by the motion of solid-fluid mixture
ui (x, t) and the relative motion of fluid with respect to
the mixture wi (x, t). The governing equations are the
total solid-fluid mixture, the linear momentum-balance
and the continuity equation for each phase. The linear
momentum-balance of solid-fluid mixture can be writ-
ten by neglecting the relative acceleration of fluid phase
with respect to the solid phase, i.e. ẅi ≈ 0, as

∇ · σ − ρü + ρb = 0 (1)

where ü is the acceleration vector of the solid phase, b
is the body force vector, ρ is the average density of the
whole mixture, and the symbol ∇ denotes the vector
gradient operator.

The conservation of linear momentum for the fluid
flow results in the generalized Darcy equation. Assum-
ing negligibility of the relative acceleration term of the
fluid, the momentum-balance of the fluid phase, or the
Darcy relation for the pore fluid flow through the porous
medium surrounding the fracture can be written as

−∇ p − R − ρ f ü + ρ f b = 0 (2)

where R denotes the viscous drag force defined by the
Darcy seepage law as ẇ = k f R, with k f denotes the
permeability matrix of the porous medium with respect
to the pore fluid in which its dimension is defined as
(length)3(time)/(mass).

Finally, the continuity equation of fluid phase can
be written as

∇ · ẇ + α∇ · u̇ + 1

Q
ṗ = 0 (3)

where 1/Q ≡ (α − n)/Ks + n/K f , in which Ks and
K f are the bulk moduli of the solid and fluid phases,
respectively. Equations (1), (2) and (3) are the coupled
governing equations of porous saturated media with
variable set (ui , wi , p). Performing some mathemati-
cal manipulations, the set of equations can be modified
as u−p formulation of porous media which is appro-
priate to model the saturated porous material, which
is much more appropriate for loading conditions up
to earthquake frequencies (Zienkiewicz et al. 1999).
Combining Eqs. (2) and (3) results in

∇ · [k f
(−∇ p−ρ f ü+ρ f b

)]+α∇ · u̇+ 1

Q
ṗ=0 (4)

It must be noted that in the above equation, it is common
to neglect the contribution of solid acceleration to pre-
serve the symmetry of final system of equations (Leung
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Fig. 1 The boundary
conditions of a fractured
body � with a
geomechanical
discontinuity �d

1984). It was shown in the literature that the effect of
this term is not significant for the case of lower frequen-
cies (Rice and Cleary 1976; Chan 1988; Coussy 2004;
Detournay 2004), and can be excluded from the above
equation (Zienkiewicz et al. 1999; Lewis and Schre-
fler 1998). Equations (1) and (4) are complemented
by appropriate kinematical relation and the stress–
strain constitutive equation. The kinematic equation is
defined by the incremental strain–displacement rela-
tionship, and the stress–strain constitutive equation is
defined by dσ ′ = D dε, with D denoting the forth order
tangential stiffness matrix computed using an appropri-
ate constitutive law.

The governing Eqs. (1) and (4) can be solved using
the essential and natural boundary conditions. The
solid-phase boundary conditions are u = ū on �u

and t = σ · n� ≡ t̄ on �t with n� denoting the unit
outward normal vector to the external boundary �, in
which � = �t ∪ �u is the boundary of domain. The
fluid-phase boundary conditions are p = p̄ on �p and
ẇ·n� = q̄ on�w which is the prescribed outflow rate of
the fluid imposed on�w with� = �p∪�w, as shown in
Fig. 1. From the physics of the problem, the existence
of a discontinuity �d in the porous medium leads to
the mechanical and mass transfer couplings between
the fracture and the porous medium surrounding the
fracture. The mechanical coupling arises from the fluid
pressure exerted on the fracture faces by injecting a vis-
cous fluid into the fracture. The mass transfer coupling
emanates from the fluid exchange between the fracture
and the surrounding permeable porous medium. Hence,
the essential and natural boundary conditions, which

hold on the complementary parts of the external bound-
ary of the body, complete with the following boundary
conditions on the discontinuity as σ · n�d = −pn�d

and �ẇ� · n�d = q̄d on �d , where q̄d is the leakage
flux of the fluid along the fracture toward the surround-
ing porous medium, which implies that there exists a
discontinuity in the normal fluid flow across �d , and
n�d is the unit normal vector to the discontinuity �d

pointing to �+ with n�d = n�d− = −n�d+, as shown
in Fig. 1. The notation �Ξ� = Ξ+ − Ξ− represents
the difference between the corresponding values at the
two crack faces. It is considered that the fluid pressure
has the same value at both faces of the crack and pres-
sure continuity from the crack faces to the surrounding
porous medium holds along the crack boundary.

2.2 Mechanical behavior of fractured media

A convenient model to describe the mechanical behav-
ior of fracture in quasi-brittle materials is based on the
cohesive fracture model, originally introduced by Dug-
dale (1960) and Barenblatt (1962) and has since been
used by many researchers to describe the near–tip non-
linear zone for cracks. Generally, the fracture process
zone is a nonlinear zone characterized by progressive
softening, where the traction across the forming crack
surface decreases as separation increases. It was shown
that the fracture process of concrete can be character-
ized by the strain softening and fracture toughening due
to the formation and branching of micro-cracks (Shum
and Hutchinson 1990; Jenq and Shah 1991). During the
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fracture process, the high-stress state near the crack-
tip causes micro-cracking at flaw sites, such as pores
and air voids. This micro-cracking phenomenon con-
sumes a part of the external energy introduced by the
applied load, and the resulting micro-cracks can be pro-
duced with respect to the main crack plane. Generally,
the crack surface is a tortuous path due to toughening
mechanism, in which the crack generally branch around
aggregates, causing random propagation in material.
During the opening of a tortuous crack there may be
some frictional sliding between the cracked faces that
causes energy dissipation. The crack bridging and crack
blunting may occur due to aggregates and air voids
in the pathway of the main crack (Bazant and Planas
1998). The width and micro-cracking density distrib-
ution at the fracture front may vary depending on the
structure size, shape, and type of loading. Owing to the
stiffer matrix compared to fractures, most deformation
in process zone occurs in the fractures, in the form of
normal and shear displacement. As a result, the existing
fractures may open, grow, or even induce new ones.

In order to model the fluid flow through the discon-
tinuity, the continuity equation for the fluid flow within
the fracture can be written according to Eq. (3) as

∇ · ẇ + α∇ · u̇ + 1

K f
ṗ = 0 (5)

where ẇ is the Darcy velocity vector of the fracturing
fluid and is in fact the relative velocity of the frac-
turing fluid with respect to the solid phase defined
as ẇ = k fd

(−∇ p − ρ f ü + ρ f b
)
, with k fd denoting

the fracture permeability with respect to the fracturing
fluid. For a viscous fluid flow with Newtonian rheology,
the fracture permeability is estimated using the cubic
law as

k fd = 1

κ

w2

12μ f
(6)

where w = 2h is the fracture opening, μ f denotes the
dynamic viscosity of the fluid, and κ is a coefficient
varying from 1.04 to 1.65. The parameter κ accounts
for the effect of the deviation from the ideal parallel
faces conditions. In the above relation, w2/12κ is the
intrinsic permeability of the fracture. The existence of
fracture besides the longitudinal conductivity may rep-
resent an obstacle for fluid flow in the transversal direc-
tion because of the potential drop due to the transition
from a pore system into an open channel and back into a
pore system. Thus, defining the flow potential� equal
to� = p+ρ f (üi −bi )xi with xi denoting the distance

from a datum in i th direction, a jump is admitted in the
total flow potential field across the fracture related to
transverse fluid flux qt travelling normal to the discon-
tinuity.

3 The X-FEM formulation of a deformable porous
media with strong discontinuity

In order to numerically model a deformable porous
media with a strong discontinuity, the extended finite
element method is employed by adding appropri-
ate enrichment functions to the standard FE approx-
imation. It must be noted that in the derivation of
X-FEM formulation, it is implicitly assumed that the
displacement and pressure fields are continuous over
the domain of problem, however—necessary modifi-
cations must be applied in the variational formulation
of X-FEM solution to model the discontinuous dis-
placement field across the fracture and the discontin-
uous fluid flow in the normal direction to the frac-
ture (Khoei and Nikbakht 2007; Khoei and Karimi
2008; Khoei et al. 2008a). In what follows, the Diver-
gence theorem is employed for discontinuous problems
to provide a mathematical description for the varia-
tional formulation of the X-FEM solution. An appro-
priate term is obtained to incorporate the discontinu-
ity into the X-FEM formulation. The discrete system
of X-FEM equation is then obtained by substituting
the trial function into the weak form of governing
equations.

The Divergence theorem for a discontinuous func-
tion F over the domain � can be expressed as
∫

�

div F d� =
∫

�

F · n� d� −
∫

�d

�F� · n�d d� (7)

where n� is the outward unit normal vector to the
domain �, and the jump of F is defined as �F� =
F+ − F−, where the value of F on �+

d and �−
d are

denoted by F+ and F−, respectively, as shown in Fig. 1.
For problems with more than one discontinuity in the
domain, Eq. (7) can be written as

∫

�

div F d� =
∫

�

F · n� d� −
NOD∑

i=1

∫

�di

�Fi � · n�di
d� (8)

where NOD is the number of discontinuities in the
domain. The above equation can be considered as
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an extension of the Divergence theorem that pro-
vides a mathematical basis for the variational for-
mulation of the X-FEM solution in discontinuous
problems.

3.1 The weak formulation of saturated porous media

In order to derive the extended finite element formula-
tion for a deformable porous media with a strong dis-
continuity, the Divergence theorem for discontinuous
problems is employed into the integral formulation of
governing Eqs. (1) and (4). The weak form of governing
partial differential equations can be obtained by inte-
grating the product of the equilibrium and flow con-
tinuity Eqs. (1) and (4) multiplied by admissible test
functions over the domain, applying the divergence the-
orem, imposing the natural boundary conditions, and
satisfying the boundary conditions on the discontinu-
ity. It is noteworthy that the mechanical and mass trans-
fer coupling terms naturally appear in the weak form
of the equilibrium and flow continuity equations as a
result of the presence of discontinuity in the porous
medium. In order to obtain the weak form of the equi-
librium equation for the fracturing porous medium,
the trial functions u(x, t) and p(x, t) are defined to
satisfy all essential boundary conditions and to be
smooth enough to define the derivatives of equations.
In addition, the test functions δu(x, t) and δp(x, t)
are needed to be smooth enough to be vanished on
the prescribed strong boundary conditions. The weak
form of governing equations can therefore be obtained
multiplying the test functions δu(x, t) and δp(x, t)
by Eqs. (1) and (4) and integrating over the domain
� as
∫

�

δu (∇ · σ − ρü + ρb) d� = 0

∫

�

δp

(
∇ · [k f

(−∇ p − ρ f ü + ρ f b
)]

+α∇ · u̇ + 1

Q
ṗ

)
d� = 0 (9)

Expanding the above integral equations and using the
Divergence theorem (7) for discontinuous problems
leads to the following weak form of governing equa-
tions as (Khoei 2014)

∫

�

∇δu : σd�+
∫

�

δu · ρüd�+
∫

�d

�δu�σ · n�d d�

−
∫

�

δu · ρbd�−
∫

�t

δu · t̄d� = 0 (10a)

∫

�

∇δpk f ∇ pd�+
∫

�

∇δpk f · ρ f üd�

−
∫

�d

δp�ẇ� · n�d d� +
∫

�

δpα∇ · u̇d�

+
∫

�

δp
1

Q
ṗd�−

∫

�

∇δpk f · ρ f bd�

+
∫

�w

δp (ẇ · n�) d� = 0 (10b)

in which the mechanical coupling term in the weak
form of Eq. (10a) is computed by assigning the posi-
tive and negative sides to �d and imposing the inter-
nal boundary condition on the discontinuity. Moreover,
the mass transfer coupling term in the weak form of
the continuity Eq. (10b) is obtained by imposing the
boundary condition on the discontinuity. In Eq. (10b),
the term �ẇ� · n�d = q̄d corresponds to fluid flow from
the crack normal to the cavity.

3.2 The weak formulation of fractured media

In order to derive a relation for the mass transfer cou-
pling term emerging in the weak form of the flow conti-
nuity Eq. (10b) within the porous medium surrounding
the fracture, the flow continuity of fluid inside the frac-
ture is employed using Eq. (5). The weak form of flow
continuity equation within the fracture can be obtained
by multiplying the test functions δp(x, t) by Eq. (5)
and integrating over the domain of the discontinuity�′
(Fig. 2) as
∫

�′
δp

(
∇ · ẇ + α∇ · u̇ + 1

K f
ṗ

)
d� = 0 (11)

or∫

�′
δp

(
∇ · [k fd

(−∇ p − ρ f ü + ρ f b
)] + α∇ · u̇

+ 1

K f
ṗ

)
d� = 0 (12)

The implementation of the divergence theorem for
discontinuous problems and the incorporation of the
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Fig. 2 The geometry of the fluid flow inside the fracture

Darcy relation lead to the weak form of continuity equa-
tion of flow within the fracture as
∫

�′
∇δpk fd ∇ pd�+

∫

�′
∇δpk fdρ f üd�

−
∫

�d

δp�ẇ� · n�d d�

+
∫

�′
δpα∇ · u̇d�+

∫

�′
δp

1

K f
ṗd�

−
∫

�

∇δpk fdρ f bd� = 0 (13)

Hence, the mass transfer coupling term in the weak
form of the flow continuity Eq. (10b) can be obtained
from the weak form of the flow continuity Eq. (13)
within the fracture as
∫

�d

δp�ẇ� · n�d d� = −
∫

�′
∇δpk fd ∇ pd�

︸ ︷︷ ︸
integral(I)

−
∫

�′
∇δpk fdρ f üd�

︸ ︷︷ ︸
integral(II)

−
∫

�′
δpα∇ · u̇d�

︸ ︷︷ ︸
integral(III)

−
∫

�′
δp

1

K f
ṗd�

︸ ︷︷ ︸
integral(IV)

+
∫

�

∇δpk fdρ f bd�

︸ ︷︷ ︸
integral(V)

(14)

In order to evaluate the mass transfer coupling term in
Eq. (14), the integral terms (I)–(V) are calculated in
the local Cartesian coordinate system (x ′, y′), where
the directions of x ′ and y′ are aligned with the tangent
and normal unit vectors to the discontinuity, t�d and

n�d respectively, as shown in Fig. 2. The integrals over
the domain of the discontinuity �′ are performed in
the local coordinate system, in which the integral over
the cross section of the discontinuity is evaluated by
ignoring the variation of fluid pressure across the dis-
continuity width since the width of the discontinuity
2h is insignificant relative to its length. As a result, the
fluid pressure as well as its corresponding test function
is assumed to be uniform over the cross section of the
discontinuity. Hence, the derivation of integrals (I)–(V)
in Eq. (14) can be obtained as
∫

�′
∇δpk fd ∇ pd�

︸ ︷︷ ︸
integral(I)

=
∫

�d

k fd (2h)
∂δp

∂x ′
∂p

∂x ′ d� (15a)

∫

�′
∇δpk fdρ f üd�

︸ ︷︷ ︸
integral(II)

=
∫

�d

k fdρ f (2h)
∂δp

∂x ′ 〈üx ′ 〉 d�

(15b)
∫

�′
δpα∇ · u̇d�

︸ ︷︷ ︸
integral(III)

=
∫

�d

δpα(2h)

〈
∂ u̇x ′

∂x ′

〉
d�

+
∫

�d

δpα�u̇ y′�d� (15c)

∫

�′
δp

1

K f
ṗd�

︸ ︷︷ ︸
integral(IV)

=
∫

�d

δp(2h)
1

K f
ṗd� (15d)

∫

�

∇δpk fdρ f bd�

︸ ︷︷ ︸
integral(V)

=
∫

�d

k fdρ f (2h)
∂δp

∂x ′ bx ′d� (15e)

In above equations, u̇x ′ and u̇ y′ are the components
of the solid velocity vector projected on the longitu-
dinal and transversal axes, respectively. It is assumed
that the velocity component of the solid phase in the
longitudinal direction u̇x ′ varies linearly with y′ over
the width of the discontinuity 2h, so its derivative with
respect to x ′ also varies linearly with y′. Similar to that
assumed for the solid velocity in the tangential direc-
tion of the discontinuity, the solid acceleration in the
tangential direction üx ′ also varies linearly with y′. As
noted earlier, the fluid pressure and its corresponding
test function are assumed to be uniform across the width
of the discontinuity, so their derivatives in the tangen-
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tial direction do not vary with y′, and their derivatives
in the normal direction vanish. Furthermore, the tan-
gential derivatives in above equations are analytically
integrated over the width of the discontinuity 2h, in
which 〈Ξ 〉 = (Ξ+ +Ξ−)/2 is defined as the average
of corresponding values at the discontinuity faces.

Substituting the constituents of Eq. (14) and rear-
ranging it, the mass transfer coupling term appeared in
the weak form of the flow continuity Eq. (10b) in the
porous medium can be obtained as
∫

�d

δp�ẇ� · n�d d� = −
∫

�d

k fd (2h)
∂δp

∂x ′
∂p

∂x ′ d�

−
∫

�d

k fdρ f (2h)
∂δp

∂x ′ 〈üx ′ 〉 d�

−
∫

�d

δpα(2h)

〈
∂ u̇x ′

∂x ′

〉
d� −

∫

�d

δpα�u̇ y′�d�

−
∫

�d

δp(2h)
1

K f
ṗd� +

∫

�d

k fdρ f (2h)
∂δp

∂x ′ bx ′d�

(16)

The above equation presents an expression for the leak-
off from the crack into the porous media. Since the
flow within the fracture is generally assumed to be
incompressible, the integral (IV) can be removed from
Eq. (16). In order to model the flow within the fracture,
a viscous Newtonian fluid flow is assumed between
the crack faces, in which the fracture permeability is
defined according to (6) based on the cubic law as
k fd = (2h)2/12κμ f . It must be noted that this rela-
tion is only valid if the fluid regime inside the cavity is
laminar.

4 Discretization of governing equations

In this section, the weak form of the equilibrium
and flow continuity equations of the porous medium
obtained in preceding section is used to derive the dis-
crete form of governing equations by discretization
of the governing equations first in the spatial domain
employing the extended finite element method and then
in the time domain applying the generalized Newmark
scheme. The resulting system of fully coupled non-
linear equations is finally solved using the Newton–
Raphson procedure.

4.1 Approximation of the displacement and pressure
fields

In order to discretize the integral Eq. (10), the extended
finite element method is employed in the spatial domain
to obtain the values of u(x, t) and p(x, t). In the X-
FEM method, the conventional FEM shape functions
are enriched using proper enrichment functions based
on the type of discontinuity. The displacement and pres-
sure fields are enriched based on the analytical solutions
to make the approximations capable of tracking the dis-
continuities. In order to capture the hydro-mechanical
coupling associated with the tractions acting on the
crack edges and the fluid leak-off from the fracture into
the domain, the displacement and fluid pressure fields
are enhanced using appropriate enrichment functions.
To describe the displacement jump across the fracture,
the displacement field is assumed to be discontinuous
over the crack edges. In addition, to present the fluid
flow jump normal to the fracture, the fluid pressure
field is assumed to be continuous, while its gradient
normal to the fracture be discontinuous over the crack
edges. Thus, the displacement discontinuity over the
crack edges is modeled using the Heaviside and crack-
tip asymptotic functions, and the fluid pressure is mod-
eled using the modified level-set function to capture the
discontinuity on the gradient of fluid pressure normal
to the fracture.

The enriched approximation of the extended finite
element method for the displacement field u(x, t) can
be written as (Belytschko et al. 2003)

u(x, t) ≈ uh(x, t) =
∑

I∈N
NuI (x)ū I (t)

+
∑

J∈N dis

Nu J (x) (H (ϕ(x))− H (ϕ(x J ))) āJ (t)

+
∑

K∈N tip

NuK (x)
4∑

α=1

(Bα(x)− Bα(xK )) b̄αK (t)

(17)

where N is the set of all nodal points, N dis is the
set of enriched nodes whose support is bisected by
the crack, and N tip is the set of nodes which contain
the crack-tip in the support of their shape functions
enriched by the asymptotic functions. In the above rela-
tion, ūI (t) are the unknown standard nodal displace-
ments at I th node, āJ (t) are the unknown enriched
nodal degrees-of-freedom associated with the Heavi-
side enrichment function at node J , and b̄αK (t) are
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the additional enriched nodal degrees-of-freedom asso-
ciated with the asymptotic functions at node K . In
relation (17), Nu(x) denote the standard displacement
shape functions, H (ϕ(x)) is the Heaviside jump func-
tion used to model the discontinuity due to different
displacement fields on either sides of the crack, and
Bα(x) are the asymptotic functions extracted from the
analytical solution and used to model the displacement
field at the crack-tip region. The asymptotic tip func-
tions Bα(x) and the Heaviside jump function H (ϕ(x))
are defined as (Bordas and Legay 2005)

B(r, θ) = {B1,B2,B3,B4}
=
{√

r sin
θ

2
,
√

r cos
θ

2
,
√

r sin
θ

2
sin θ,

√
r cos

θ

2
sin θ

}

(18)

and

H (ϕ(x)) =
{+1 ϕ(x) ≥ 0

0 ϕ(x) < 0
(19)

where ϕ(x) is the signed distance function defined
based on the absolute value of level set function as
ϕ(x) = min ‖x − x∗‖ sign

(
(x − x∗) · n�d

)
, where x∗

is a point on the discontinuity which has the closest dis-
tance from the point x, and n�d is the normal vector to
the contact interface at point x∗. It must be noted that
the use of Heaviside function (19) instead of the sign of
the level-set function is common in the literature (De
Borst et al. 2006), and both lead to identical results
as they span the same approximation space (Fries and
Belytschko 2010).

The enriched approximation of the extended finite
element method for the pressure field p(x, t) can be
written as (Réthoré et al. 2007a)

p(x, t) ≈ ph(x, t) =
∑

I∈N
NpI (x) p̄I (t)

+
∑

J∈N dis

NpJ (x) (ψ(x)− ψ(x J )) c̄J (t) (20)

where p̄I (t) is the unknown standard nodal pressure
at I th node, and c̄J (t) is the unknown enriched nodal
degrees-of-freedom associated with the modified level-
set function at node J . In the above relation, Np(x) are
the standard pressure shape functions, and ψ(x) is the
modified level-set function defined as

ψ(x) =
∑

I∈N dis

NpI (x) |ϕI | −
∣
∣∣∣∣∣

∑

I∈N dis

NpI (x)ϕI

∣
∣∣∣∣∣

(21)

where ϕI are the nodal values of the level set func-
tion. The above enrichment function has a ridge cen-
tered on the interpolated interface and vanishes in
elements not containing the material interface. This
enrichment function is used since the resulting enrich-
ment function is zero in the blending elements, and
the unwanted terms appearing in the approximating
space of the blending elements are avoided. It must
be noted that the above enrichment is only required in
the elements where the discontinuity on the gradient of
fluid pressure needs to be captured. In the above rela-
tion, the enrichment function is continuous across the
fracture, while its gradient is discontinuous in the nor-
mal direction to the discontinuity. Possessing this desir-
able property, the chosen enrichment function enables
the approximate pressure field to be discontinuous in
its normal derivative across the discontinuity, account-
ing for the leak-off of the fluid from the discontinuity.
In Fig. 3, the enriched nodal points of the displace-
ment and pressure fields are presented for a discontin-
uous domain according to the Heaviside jump function,
asymptotic tip functions, and the modified level-set
function.

Finally, the enriched finite element approxima-
tion of the displacement and pressure fields (17) and
(20) can be symbolically written in the following
form

uh(x, t) = Nstd
u (x)ū(t)+ NHev

u (x)ā(t)+ Ntip
u (x)b̄(t)

(22)

ph(x, t) = Nstd
p (x)p̄(t)+ Nabs

p (x)c̄(t) (23)

where Nstd
u (x) is the matrix of displacement shape

functions that include the standard piecewise polyno-
mial shape functions, NHev

u (x) is the matrix of enriched
shape functions associated with the Heaviside function,
Ntip

u (x) is the matrix of enriched shape functions asso-
ciated with the asymptotic tip functions, ū(t) is the vec-
tor of standard displacement degrees of freedom, ā(t)
is the vector of enriched displacement degrees of free-
dom associated with the Heaviside function, and b̄(t) is
the vector of enriched displacement degrees of freedom
associated with the asymptotic tip functions. In relation
(23), Nstd

p (x) is the matrix of pressure shape functions,

Nabs
p (x) is the matrix of enriched shape functions asso-

ciated with the modified level-set function, p̄(t) is the
vector of pressure nodal degrees of freedom, and c̄(t) is
the vector of enriched nodal degrees of freedom asso-
ciated with the modified level-set function.
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Fig. 3 The enriched nodal
points of the displacement
and pressure fields in porous
media

Heaviside enrichment function
(solid phase)

Crack-tip asymptotic functions
(solid phase)

Modified level-set function
(fluid phase)

Standard shape functions
(solid & fluid phases)

4.2 The X-FEM spatial discretization

The discrete form of integral Eq. (10) in the frame-
work of X-FEM formulation can be obtained using
the test and trial functions of the enriched displace-
ment and pressure fields. Applying the trial functions
of enriched displacement and pressure fields (22) and
(23) together with the test functions of displacement
and pressure fields δu(x, t) and δp(x, t), which are
respectively defined in the same enriched approximat-
ing space as the approximate displacement and fluid
pressure fields as

δuh(x, t) = Nstd
u (x)δū(t)+ NHev

u (x)δā(t)+ Ntip
u (x)δb̄(t)

(24)

δph(x, t) = Nstd
p (x)δp̄(t)+ N abs

p (x)δc̄(t) (25)

and satisfying the necessity that the weak form should
hold for all kinematically admissible test functions, the
discretized form of integral Eq. (10) can therefore be
obtained according to the Bubnov–Galerkin technique
as

⎛

⎝
Muu Mua Mub
Mau Maa Mab
Mbu Mba Mbb

⎞

⎠

⎧
⎨

⎩

¨̄u
¨̄a
¨̄b

⎫
⎬

⎭
+
⎛

⎝
Kuu Kua Kub
Kau Kaa Kab
Kbu Kba Kbb

⎞

⎠

⎧
⎨

⎩

ū
ā
b̄

⎫
⎬

⎭

−
⎛

⎝
Qup Quc
Qap Qac
Qbp Qbc

⎞

⎠
{

p̄
c̄

}
+
⎧
⎨

⎩

f int
u

f int
a

f int
b

⎫
⎬

⎭
−
⎧
⎨

⎩

fext
u

fext
a

fext
b

⎫
⎬

⎭
= 0

(
Cpu Cpa Cpb
Ccu Cca Ccb

)
⎧
⎨

⎩

¨̄u
¨̄a
¨̄b

⎫
⎬

⎭
+
(

QT
up QT

ap QT
bp

QT
uc QT

ac QT
bc

)⎧
⎨

⎩

˙̄u
˙̄a
˙̄b

⎫
⎬

⎭

+
(

Hpp Hpc
Hcp Hcc

){
p̄
c̄

}
+
(

Spp Spc
Scp Scc

){ ˙̄p
˙̄c
}

−
{

qint
p

qint
c

}
−
{

qext
p

qext
c

}
= 0 (26)

where the mass matrix M, stiffness matrix K, cou-
pling matrix Q, permeability matrix H, compressibility
matrix S, and external force vectors fext and qext are
defined as

Mαβ =
∫

�

(
Nαu

)T
ρNβu d�

Kαβ =
∫

�

(
Bαu

)T DBβu d�

Qαγ =
∫

�

(
Bαu

)T
α mNγ

pd�

fext
α =

∫

�

(
Nαu

)T
ρbd�+

∫

�t

(
Nαu

)T t̄d� (27)

and

Cδβ =
∫

�

(
∇Nδ

p

)T
k f · ρ f Nβu d�

Hδ γ =
∫

�

(
∇Nδ

p

)T
k f (∇Nγp)d�

Sδ γ =
∫

�

(
Nδ

p

)T 1

Q
Nγpd�
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qext
δ =

∫

�

(
∇Nδ

p

)T
k f · ρ f bd�−

∫

�w

(
Nδ

p

)T
q̄d�

(28)

where (α, β) ∈ (std,Hev, tip) denote the ‘standard’,
‘Heaviside’ and ‘asymptotic-tip’ functions of displace-
ment field and, (δ, γ) ∈ (std, abs) denote the ‘standard’
and ‘modified level-set’ functions of pressure field. In
above definitions, m is the vector of delta Dirac func-
tion defined as m = {

1 1 0
}T

.
In order to discretize the mechanical and mass trans-

fer couplings between the fracture and the porous
medium in integral Eq. (10), the interfacial force vector
f int
α due to the fluid pressure exerted on the fracture faces

by injecting a viscous fluid into the fracture, and the flux
vectors qint

δ due to the fluid exchange between the frac-
ture and the surrounding permeable porous medium in
Eq. (26) can be obtained as

f int
α =

∫

�d

�Nαu �T σ · n�d d� = −
∫

�d

�Nαu �T p · n�d d�

(29)

where α ∈ (std,Hev, tip), and

qint
δ =

∫

�d

(
Nδ

p

)T
�ẇ� · n�d d� =

∫

�d

(
Nδ

p

)T
q̄dd�

= −
∫

�d

(
∇Nδ

p

)T · t�d k fd (2h)∇ p · t�d d�

−
∫

�d

(
∇Nδ

p

)T · t�d k fdρ f (2h) 〈ü〉 · t�d d�

−
∫

�d

(
Nδ

p

)T
α(2h)t�d · 〈∇u̇〉 · t�d d�

−
∫

�d

(
Nδ

p

)T
α�u̇� · n�d d�

−
∫

�d

(
Nδ

p

)T
(2h)

1

K f
ṗd�

+
∫

�d

(
∇Nδ

p

)T · t�d k fdρ f (2h)b · t�d d� (30)

where δ ∈ (std, abs). Finally, the X-FEM discretiza-
tion Eq. (26) can be rewritten as

MÜ + KU − QP + f int
U

− fext
U

= 0

CÜ + QT
U̇ + HP + SṖ − qint

P
− qext

P
= 0 (31)

where Ū = 〈
ū, ā, b̄

〉
and P̄ = 〈p̄, c̄〉 are the complete

set of the standard and enriched degrees-of-freedom of
displacement and pressure fields, respectively.

4.3 The time domain discretization and solution
procedure

In order to complete the numerical solution of FE equa-
tions, it is necessary to integrate the time differential
Eqs. (31) in time. The well-known generalized New-
mark GN22 scheme is employed for the displacement
field Ū and the GN11 method for the pressure field P̄.
The link between the successive values of the unknown
field variables at time tn+1 = tn + �t and the known
field variables at time tn can be established as

Ün+1 = 1

β�t2

(
Un+1 − Un

)

− 1

β�t
U̇n −

(
1

2β
− 1

)
Ün

U̇n+1 = γ

β�t

(
Un+1 − Un

)

−
(

γ

β
− 1

)
U̇n −�t

(
γ

2β
− 1

)
Ün (32a)

and

˙̄
Pn+1 = 1

θ�t

(
P̄n+1 − P̄n

) −
(

1

θ
− 1

)
˙̄
Pn (32b)

whereβ, γ and θ are parameters, which are usually cho-
sen in the range of 0–1. However, for unconditionally
stability of the time integration procedure, it is required
that γ ≥ 0.5, β ≥ 0.25(0.5+γ)2 and θ ≥ 0.5. In above

relations, Ūn,
˙̄
Un and ¨̄

Un denote the known values of
displacement, velocity and acceleration of the standard
and enriched degrees of freedom at time tn , and P̄n and
˙̄
Pn are the known values of pressure and gradient of
pressure of the standard and enriched DOFs at time tn .
Substituting relations (32a) and (32b) into the spatial
discrete Eq. (31), the following nonlinear equation can
be achieved as

�Un+1 = 1

β�t2 MŪn+1 + KŪn+1

− QP̄n+1 + f int
Un+1

− GUn+1 = 0

�Pn+1 = 1

β�t2 CŪn+1 + γ

β�t
QT

Ūn+1 + HP̄n+1

+ 1

θ�t
SP̄n+1 − qint

Pn+1
− GPn+1 = 0 (33)
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where GUn+1 and GPn+1 are the vector of known values
at time tn defined as

GUn+1 = fext
Un+1

+ M
(

1

β�t2 Ūn + 1

β�t
˙̄
Un +

(
1

2β
− 1

)
¨̄
Un

)

GPn+1 = qext
Pn+1

+ C
(

1

β�t2 Ūn + 1

β�t
˙̄
Un +

(
1

2β
− 1

)
¨̄
Un

)

+ QT
(

γ

β�t
Ūn +

(
γ

β
− 1

)
˙̄
Un +�t

(
γ

2β
− 1

)
¨̄
Un

)

+ S
(

1

θ�t
P̄n +

(
1

θ
− 1

)
˙̄
Pn

)
(34)

The set of nonlinear Eq. (33) can be solved using
an appropriate approach, such as the Newton–Raphson
iterative algorithm to linearize the nonlinear system of
equations. Note that the nonlinearity of the above sys-
tem of equations is induced due to interfacial terms,
as they involve higher order permeability introduced
via the second order aperture dependent cubic law. By
expanding Eq. (33) with the first-order truncated Tay-
lor series, the following linear approximation can be
obtained as

⎧
⎨

⎩

� i+1
Un+1

� i+1
Pn+1

⎫
⎬

⎭
=
⎧
⎨

⎩

� i
Un+1

�
i

Pn+1

⎫
⎬

⎭
+

⎡

⎢⎢
⎣

∂�U

∂Ū

∂�U

∂P̄
∂�P

∂Ū

∂�P

∂P̄

⎤

⎥⎥
⎦

i

n+1⎧
⎨

⎩

dŪ
i
n+1

dP̄
i
n+1

⎫
⎬

⎭
= 0 (35)

where the Jacobian matrix J in Eq. (35) can be obtained
as

J =

⎡

⎢⎢
⎣

∂�U

∂Ū

∂�U

∂P̄
∂�P

∂Ū

∂�P

∂P̄

⎤

⎥⎥
⎦

=
⎡

⎢
⎣

1
β�t2 M + K + ∂f int

U

∂Ū
−Q + ∂f int

U

∂P̄

1
β�t2 C + γ

β�t QT − ∂qint
P

∂Ū
H + 1

θ�t S − ∂qint
P

∂P̄

⎤

⎥
⎦

(36)

In Eq. (36), the Jacobian matrix needs to be evaluated
at each iteration i of time step �t = tn+1 − tn . In
fact, at each time step a linearized system of equations
is solved until the iteration convergence is achieved.
Furthermore, it can be seen from (36) that the Jacobian
matrix is a non-symmetric matrix, so it is advantageous
to make the Jacobian matrix symmetric to save the core

storage and computational cost. For this purpose, the
first row of the Jacobian matrix are multiplied by the
scalar value −γ/β�t . In addition, the inertial matrices
Cδβ are omitted from the Jacobian matrix since the
contribution of dynamic seepage forcing terms to the
solution is negligible compared to the other terms.

Moreover, it can be seen form (29) that f int
u = 0

since �Nstd
u � = 0, as a result the derivatives of f int

u with
respect to the standard and enriched pressure variables
are zero, i.e. ∂f int

u /∂p̄ = 0 and ∂f int
u /∂ c̄ = 0. In addi-

tion, it can be obtained from (29) that

∂f int
U

∂Ū
=

⎡

⎢⎢⎢⎢⎢⎢
⎢
⎣

∂f int
u

∂ū
∂f int

u

∂ ā
∂f int

u

∂b̄
∂f int

a

∂ū
∂f int

a

∂ ā
∂f int

a

∂b̄
∂f int

b

∂ū

∂f int
b

∂ ā

∂f int
b

∂b̄

⎤

⎥⎥⎥⎥⎥⎥
⎥
⎦

= 0 (37)

Hence, in order to make the Jacobian matrix sym-
metric the derivatives of interfacial flux vectors, i.e.
∂qint

p /∂ū and ∂qint
c /∂ū, are eliminated from the first

column of the Jacobian matrix. Also, to retain the
symmetry of the Jacobian matrix, it is assumed that
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γ
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(38a)

where
∂f int
α

∂p̄δ

= −
∫

�d

�Nαu �T n�d Nδ
pd� (38b)

In addition, it is assumed that ∂qint
c /∂p̄ =

(
∂qint

p /∂ c̄
)T

,

thus

∂qint
P

∂P̄
=
⎡

⎣
∂qint

p
∂p̄

∂qint
p
∂ c̄(

∂qint
c
∂p̄
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c
∂ c̄

⎤

⎦ (39a)

where
∂qint

δ

∂p̄γ
= −

∫

�d

(
∇Nδ

p

)T · t�d k fd (2h)tT
�d

· ∇Nγpd�

− 1

θ�t

∫

�d

(
Nδ

p

)T
(2h)

1

K f
Nγpd� (39b)

Based on the above-mentioned simplifications, a sym-
metric Jacobian matrix can be obtained as
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(40)

4.4 Numerical integration algorithm

From the computational aspect, one main difficulty
encountered when implementing the X-FEM deals with
the numerical integration in the presence of the weak or
strong discontinuity. In the conventional finite element
method, the standard shape functions are in terms of the
polynomial order and the Gauss integration rule can be
used efficiently to evaluate the integral terms. However,
in the extended finite element method the enhanced
shape functions are not smooth over an enriched ele-
ment due to the presence of weak or strong disconti-
nuity inside of the element. Hence, the standard Gauss
quadrature rule cannot be used if the element is crossed
by a discontinuity, and the discontinuous nature of the
solution requires a special treatment to accurately inte-
grate the non-smooth enrichment functions appearing
in the enriched part of the X-FEM approximation. In
order to carry out the numerical integration in X-FEM,
a primary approach is to increase the number of Gauss
integration points, as shown in Fig. 4a, however this
approach may result in a substantial loss of accuracy. To
overcome this difficulty, two techniques are introduced
for the numerical integration of an enriched element;
the triangular-partitioning method and the rectangular
sub-girds method.

In the triangular-partitioning method, the element
bisected by the interface, is divided into sub-triangles,
as shown in Fig. 4b, and the Gauss integration rule is
performed over each sub-triangle. In this technique, the
numerical integration of elements bisected by the dis-
continuity is performed separately on each sub-element
into which the element is divided. In practice, in order
to be able to perform the integration over these sub-
elements on either side of the discontinuity, each sub-
element is partitioned into triangles over which the
standard Gauss quadrature is applied. The remaining

elements which are not cut by the discontinuity are
integrated using the conventional Gauss quadrature
scheme. Moreover, a number of Gauss points must be
set along the one-dimensional segments of the discon-
tinuity delimited with the element edges to integrate
the mechanical and mass transfer coupling terms along
the discontinuity.

In an alternative technique, the element cut by
the interface is divided into rectangular sub-girds, as
shown in Fig. 4c. In this technique, it is not neces-
sary to conform the sub-quadrilaterals to the geome-
try of interface, however—it is needed to have enough
sub-divisions to reduce the error of numerical integra-
tion. Based on the rectangular sub-girds integration,
the natural coordinates of Gauss quadrature points are
independent at each sub-quadrilateral. It must be noted
that since the interface does not coincide with the rec-
tangular edges, it may cause some approximation in
the numerical simulation; as a result, an accurate solu-
tion can be achieved by increasing the number of sub-
quadrilaterals.

Although both techniques are quite accurate and are
widely used in the extended finite element framework,
they each have their own advantages and disadvantages.
In the triangular-partitioning method, the integration
could be much more accurate since the domain is
divided into smooth sub-domains, however—it would
be quite cumbersome to develop partitioning for vari-
ous configurations of interface. Moreover, the possibil-
ity of updating the interface due its evolution in time,
particularly due to crack propagation, may cause the
position of Gauss points to vary during the solution,
and as a result it leads to the need for data transferring
between the old and new Gauss points. On the contrary
in the rectangular sub-grids approach, the data transfer
is not necessary as the sub-grids are independent from
the configuration of the interface. It is manifest that the
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Fig. 4 Numerical
integration of an enriched
element; a the standard
Gauss integration points,
b the triangular-partitioning
method, c the rectangular
sub-girds method

(a) (b) (c) 

implementation of rectangular sub-gird integration is
much easier than the triangular-partitioning algorithm,
however—the accuracy cannot be guaranteed in those
rectangular sub-girds which is cut by the interface. In
order to avoid the inaccuracy involved in this method,
the finer sub-girds can commonly be utilized to confine
this event. Practically, it is observed that the rectangular
sub-grids scheme result in an adequate accuracy.

5 Alternative approaches for fluid flow simulation
within the fracture

In preceding sections, the fluid flow within the fracture
was modeled by discretizing the flow continuity equa-
tion of fluid inside the fracture. For this purpose, the
hydro-mechanical coupling associated with the trac-
tions acting on the crack edges and the fluid leak-off
from the fracture into the domain was obtained by dis-
cretizing the weak form of flow continuity equation
of fluid flow inside the fracture in order to compute
the interfacial force vector f int

α due to the fluid pres-
sure exerted on the fracture faces and the flux vec-
tors q int

δ due to the fluid exchange between the frac-
ture and the surrounding permeable porous medium
in Eq. (26). There are basically various techniques
proposed by researchers in literature to simulate the
fluid flow through the fracture with simplified com-
putational algorithms. These approaches are gener-
ally employed for modeling the hydraulic fracturing
through impermeable porous media, in which the fluid
pressure behaves as an interfacial force on the frac-
ture faces with no direct affect on the fluid pressure
of the porous medium surrounding the fracture. These
simplifications are mostly valid for rapid crack prop-
agation in an impermeable porous media, and widely
used in hydraulic fracturing, which is known as the
displacement discontinuity method (Dong and Pater

2001; Akulich and Zvyagin 2008; Zhang and Ghas-
semi 2011). In this study, two alternative computational
algorithms are employed to compute the interfacial
forces due to fluid pressure exerted on the fracture faces
based on a ‘partitioned solution algorithm’ and a ‘time-
dependent constant pressure algorithm’ that are mostly
applicable to impermeable media, and the results are
compared with the coupling X-FEM model described
in Sect. 4.

5.1 A partitioned solution algorithm for interfacial
pressure

A procedure for numerical approximation of hydrauli-
cally driven fracture propagation in a poroelastic mate-
rial was proposed by Boone and Ingraffea (1990). The
method was based on a partitioned solution procedure
used to solve the finite element approximation of poro-
elasticity equations in conjunction with a finite differ-
ence approximation for modeling the fluid flow along
the fracture. In this method, several assumptions were
incorporated in the numerical procedure; firstly the
crack-tip is assumed to close smoothly that is a distinc-
tive feature of the Dugdale–Barenblatt fracture model,
secondly there is a coupling between the fluid flow in
the fracture and the surrounding porous medium, and
finally the fluid flow along the fracture does not reach
the crack-tip so a region may exist near the crack-tip
which is void of fluid.

In this study, the partitioned solution procedure pro-
posed by Boone and Ingraffea (1990) is employed as
an alternative solution to compute the fluid pressure
exerted on the fracture faces of an impermeable porous
media. In this simplified method, it is assumed that
the flow is laminar, the fluid is incompressible, and it
accounts for the time-dependent rate of crack open-
ing. Hence, the fluid mass conservation equation can
be stated as
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∂q

∂ x̄
− ∂w

∂t
+ q1 = 0 (41)

where w is the fracture opening (w = 2h), and q1 is
the fluid leak-off into the surrounding porous medium,
which is equal to zero for the case of impermeable
porous media. In the above equation, q is the flow rate
along the fracture length x̄ defined as

q = − w3

12μ f

∂p

∂ x̄
(42)

where μ f is the viscosity of fluid within the fracture
and p is the fluid pressure along the fracture. It must
be noted that this approach can be used for the case of
permeable porous medium by employing some exper-
imental relations for the fluid leak-off q1.

In order to solve the fluid mass conservation Eq. (41),
the finite difference algorithm is employed using a pre-
determined value of fracture length, where the fracture
is in equilibrium between the in situ stress and the pres-
sure distribution in the fracture. The crack interface
allows the fracture to open when subjected to an inter-
nal pressure. A control-volume approach is proposed
to model the fluid flow within the fracture. Basically,
an iterative procedure is used to solve for the length and
opening of the crack. For this purpose, a number of con-
trol points are determined along the crack interface and
Eq. (41) is satisfied for each control point. The set of
equilibrium equations are finally solved over all control
points along the crack interface, as shown in the flow-
chart of Fig. 5a. In this algorithm, the crack openingw is
obtained from the X-FEM solution so that the unknown
value from Eq. (41) is the fluid pressure p. Assembling
the set of equations for the individual control volumes
constructed over the control point results in a tridiag-
onal matrix. This fluid flow model is first constructed
for the complete length of the predetermined fracture
path. The control volumes are given a nominal, small
initial width so that the equations are well-posed. The
boundary conditions for each time step are specified as
a fixed pressure at the crack mouth and zero flow at the
other end of the fracture. The fluid within the fracture
is assumed to be incompressible so that there can be
no flow past the tip of the fracture, even though the
zero-flow condition is imposed at the end of the row of
control volumes. Generally, it would be desirable to be
able to impose a flow rate as a boundary condition at the
crack mouth. However, the imposition of a Neumann
boundary condition as the crack mouth pressure results
in an ill-posed set of equations. In order to impose this

boundary condition in conjunction with the partitioned
analysis procedure, it is necessary to impose a pres-
sure boundary condition elsewhere along the fracture.
However, the pressure along the fracture is not known
and it cannot be imposed at the crack-tip owing to the
existence of a singularity in the pressure at this point.

It must be noted that there must be a one-to-one
correspondence between the control volumes and the
elements bisected by the crack along the fracture inter-
face in the X-FEM solution. This ensures that fluid
mass is conserved across the boundary. Basically, two
situations may occur for coupling along the fracture
depending on whether the fracture faces are assumed
permeable, or impermeable. For impermeable faces,
the fluid pressures in the fracture are converted to equiv-
alent external loads on the fracture faces. For permeable
faces, the fluid pressure in the fracture must be applied
as a pore pressure and a total stress boundary condition.
It is also necessary to obtain a solution where the fluid
leak-off from the fracture is consistent with the flow
across the interface in the X-FEM solution. It must be
noted that the proposed finite difference algorithm is
not unconditionally stable and the convergence can be
generally achieved using a large number of iterations.

5.2 A time-dependent constant pressure algorithm

In hydraulic fracturing, an essential ingredient in estab-
lishing a formulation for hydraulically driven fracture
propagating in the porous medium is to perform a
relationship between the injection rate, fluid leak-off,
fracture width, fracture length, and the total volume
pumped into the formation. This formulation was com-
prehensively derived in Sect. 4 by discretizing the con-
tinuity equation of fluid flow inside the fracture in the
framework of X-FEM formulation and evaluating the
tractions acting on the crack edges and the fluid leak-off
from the fracture into the porous medium based on Eqs.
(29) and (30). An alternative technique was proposed
in the previous section on the basis of a ‘partitioned
solution algorithm’ in the framework of finite differ-
ence method by satisfying the fluid mass conservation
equation over a number of control points along the frac-
ture interface. Although the method was presented for
the case of impermeable porous media, it can easily be
extended to the permeable porous media using some
experimental relations for the fluid leak-off behavior.
In this section, a simplified approach is presented based
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Fig. 5 The flowchart of the
solution; a the ‘partitioned
solution algorithm’, b the
‘time-dependent constant
pressure algorithm’

(a) Starting with initial values
for crack opening 2h and

fluid pressure p0

Solving the fluid
mass conservation

equation (57)

Check for the
convergence

Yes No

The pressure
value is set to p0

The pressure value
is modified by
p = (qinj/q0) p0

The values of 2h
and p are used for

next time step

Obtaining the
pressure from flow rate

relation (58)

Imposing the
computed pressure on

solid phase

(b) Starting with an initial value
for fluid pressure p0

Imposing pressure p0

along the crack interface
on solid phase

Check for the
convergence

Yes No

The pressure
value is set to p0

The pressure value
is modified by
p = Vinj/Vcr p0

The value of p is
used for next

time step

Comparing
the volume of cracked
domain with the fluid

injected into the
fracture

on a ‘time-dependent constant pressure algorithm’ to
evaluate the traction forces acting on the fracture edges
for the case of impermeable porous media.

It has been observed from the solution of hydraulic
fracturing in porous media that the pressure distribution
in the fracture is almost constant along the crack inter-
face. Geertsma and Klerk (1969) developed a method
based on the concept of equilibrium fracture propa-
gation, and derived a simplified pressure distribution
in the direction of fracture propagation. An analytical
solution was obtained by Spence and Sharp (1985), in
which the internal flow was modeled by lubrication the-
ory that results in a nonlinear partial differential equa-
tion connecting the pressure to the cavity shape, and
the solution was studied for a special case of the con-
stant pressure distribution. Detournay (2004) investi-
gated the propagation regimes of fluid-driven fractures
in impermeable rocks, where a limit of zero viscos-
ity was considered in order to develop a dimensionless
variable for the solution. The idea of constant pressure
distribution along the fracture for the case of imper-

meable porous media has been widely used in vari-
ous numerical implementation of hydraulic fracturing
due to its simplicity. It must be noted that the only
measurable quantities that are directly related to the
fracture propagation process are the total volume of
fluid injected into the fractured domain and the time
to accomplish this process. Moreover, considering the
case of no leak-off of fracture fluid into the surrounding
porous medium, it implies that all fluid injected into the
fracture must be used to propagate the fracture, both in
the width and the length.

In this study, the idea of constant pressure distrib-
ution along the crack is modified to be able to model
the propagation of fluid-driven fracture in time. In fact,
the modification is performed because of some limita-
tions on the ‘partitioned solution algorithm’ discussed
in previous section, due to imposition of the Neumann
boundary condition as a flow rate at the crack mouth
and the low convergence rate of the solution. Basically,
two types of boundary conditions can be employed in
hydraulic fracturing problems; the crack mouth pres-
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sure as an essential boundary condition, in which no
modification is needed and the imposed pressure can
be used everywhere along the fracture during the solu-
tion; and the flow rate at the crack mouth as a natural
boundary condition, in which an auxiliary assumption
is used to solve the fluid mass conservation Eq. (41). By
injecting the fluid flow into the fracture with no leak-
off into the surrounding porous medium, the volume
of cracked domain must be equal to the total volume
of fluid injected into the fractured zone. This results
in a decrease of the fluid pressure through the time as
the crack propagates and reaches almost a steady value
when the crack-tip proceeds far away from the injection
point, as has been already observed in hydraulic frac-
turing problems. It must be noted that the fluid flow is
assumed to be incompressible since the volume change
is negligible in the simulation of hydraulic fracturing
problem proposed here. The flowchart of the solution
is presented in Fig. 5b for the ‘time-dependent con-
stant pressure algorithm’. The computational algorithm
starts with an initial value of pressure along the frac-
ture for each time step; the value of fracture opening
is then obtained from the X-FEM solution by impos-
ing the predetermined pressure on the fracture faces of
the porous medium as external tractions; the solution
follows by comparing the volume of cracked domain
with the total volume of fluid injected into the fractured
zone; the value of pressure is then modified based on the
ratio of the volume of cracked domain to the volume of
fluid injected into the domain. The process continues
until the convergence is achieved. It has been shown
through the numerical simulation results that the pro-
posed technique results in a reasonable accuracy and a
great numerical stability; the number of iterations and
the rate of convergence are quite satisfying proving the
soundness of proposed computational algorithm.

6 Crack growth simulation

The crack growth simulation is one of the most cum-
bersome tasks in the finite element framework. In the
standard FEM method, since the crack evolves through
the finite element mesh, the solution algorithm must
be updated at each crack growth by modifying the FE
mesh in new configuration. However, in the extended
finite element modeling, the crack geometry is modeled
independent of the finite element mesh by enriching
the nodal points of elements that are intersected by the

crack during crack propagation. In crack growth sim-
ulation, the crack propagates with a predefined value
of crack length, if the crack propagation criterion is
satisfied. In the X-FEM, the Heaviside and crack-tip
enrichments are used according to the current posi-
tion of the crack-tip at each time step. Based on these
enrichments, the simulation is performed to obtain the
stress and displacement fields at the crack-tip region,
in order to indicate the crack-tip position in the next
step of crack growth. If the new crack-tip position is
in the area of former element, no update is necessary
for the enriched elements; however, if the new crack
segment crosses the next element, the enrichment of
nodal points must be updated. The simulation can then
be carried out according to the new enriched elements
based on the new configuration of crack propagation.
It must be noted that this method needs a high accurate
recognition function to diagnose the position of new
crack-tip elements.

In crack propagation problems, there are two main
requirements at each time step. It must be first deter-
mined whether the crack propagates or not; and if so in
which direction the crack propagates. Based on these
two requirements, two criteria must be utilized; one
for crack propagation and the other for crack kinking.
In this study, two different enrichment strategies are
employed for crack growth simulation, as described
in the section of numerical simulation results. In the
first case, the asymptotic enrichment functions are
employed at the crack-tip element to model the singu-
larity at the tip of discontinuity, the Heaviside enrich-
ment function to model the displacement jump across
the fracture, and the modified level-set function to
model the discontinuity on the gradient of fluid pres-
sure normal to the fracture. While in the second case,
the crack-tip enrichment functions are removed from
the X-FEM simulation, and the Heaviside enrichment
function and the modified level-set function are used
only to model the displacement and pressure fields,
respectively.

In order to model the crack propagation in the frame-
work of linear fracture mechanics, a criterion can be
defined based on a function of the stress intensity fac-
tors, the strain energy release rate, the strain energy
density and etc. The crack kinking criteria determines
the direction of the crack and can be determined based
on the fracture toughness of brittle material, which
is usually measured in a pure mode I loading condi-
tions noted by K I C . For a general mixed mode case,
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a criterion is needed to determine the angle of incip-
ient propagation with respect to crack direction, and
a critical combination of stress intensity factors that
leads to crack propagation. There are various crite-
ria which have been proposed by researchers for the
mixed mode crack propagation, including the maxi-
mum energy release rate, the minimum strain energy
density criteria, the maximum circumferential tensile
stress and etc. In this study, the maximum circumfer-
ential tensile stress is employed, where the hoop stress
reaches its maximum value on the plane of zero shear
stress. The crack propagation angle θ0 is expressed by
using the angle between the line of crack and the crack
growth direction, with the positive value defined in the
anti-clockwise direction, as

θ0 = 2 arctan

⎛

⎝ K I

4K I I
± 1

4

√(
K I

K I I

)2

+ 8

⎞

⎠ (43)

in which the sign is chosen such that the hoop stress is
positive. To initiate crack propagation, it needs that the
maximum circumferential tensile stress σθ reaches a
critical value. However, when the plastic zone size can-
not be ignored, it is necessary to use the stress state at
a material dependent finite distance from the crack-tip.

In order to perform the crack growth simulation with
no crack-tip enrichments, the maximum principal ten-
sile stress is checked at all integration points in the ele-
ment ahead of the tip of the discontinuity at the end of a
load increment. If the maximum principal tensile stress
at any of the integration points in the element ahead of
the crack-tip reaches the tensile strength of the mate-
rial, the discontinuity is introduced through the entire
element. The discontinuity is inserted as a straight line
within the element and is enforced to be geometrically
continuous. Note that the crack propagation length is
limited here to a single element size, as the time steps
are very small and the rate of crack growth is assumed to
be quite slow during the simulation. In this model, since
a crack propagates from a discrete point, the disconti-
nuity can be handled in two ways, the first by choosing a
point before the calculation and the second by perform-
ing an elastic loading and checking where the principal
stresses are greatest. It must be noted that the discon-
tinuity is extended only at the end of a load increment
in order to preserve the quadratic convergence rate of
the full Newton–Raphson solution procedure. The most
important ingredient when extending a discontinuity is
that the correct direction is chosen. Since the tip of the

discontinuity is not located at a point where the stress
state is known accurately, such as conventional Gauss
points, the local stress field cannot be relied upon to
accurately yield the correct normal vector to a discon-
tinuity. To overcome this, the averaged stress tensor
or the so-called non-local stress tensor is used at the
crack-tip to obtain the principal stress direction and to
determine the right direction of the discontinuity exten-
sion. The discontinuity is extended in the direction per-
pendicular to the maximum non-local principal stress
direction. It must be noted that the jump in the displace-
ment field at the tip of the discontinuity must be equal
to zero. In order to enforce this condition, the nodes
belonging to the element edge on which the tip of the
discontinuity lies are not enriched. Since the enrich-
ment functions are multiplied by the shape functions
of a particular node, the enhanced basis at a particu-
lar node has an influence only over the support of that
node. Therefore, the Heaviside function is added only
to the enhanced basis of nodes whose support is crossed
by a discontinuity. Another condition that must be sat-
isfied is that the displacement jump at the crack-tip be
zero. To ensure this, the nodes on the element boundary
touched by the crack-tip are not enhanced. When a dis-
continuity propagates into the next element, all nodes
behind the crack-tip are enhanced.

7 Numerical simulation results

In order to illustrate a part of the wide range of prob-
lems that can be solved by the proposed approach and
to validate the performance of the computational algo-
rithm in modeling of the hydraulic fracturing problem,
several numerical examples are solved. The first exam-
ple demonstrates the robustness of X-FEM in mixed
mode fracture analysis of an infinite saturated porous
media with an inclined crack. The numerical simu-
lation is compared with an available numerical mod-
eling reported in literature. The next two examples
are chosen to demonstrate the robustness of X-FEM
technique in simulation of hydraulically driven frac-
ture propagation in an infinite poroelastic medium and
a gravity dam under hydrostatic pressure. The max-
imum circumferential stress criterion is employed to
determine the crack growth direction, and the compu-
tational algorithm presented in Sect. 4 is performed
to obtain the crack trajectory at different load steps
for these complex geometries. It must be noted that a
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Fig. 6 An infinite saturated
porous medium with an
inclined crack; Problem
definition and the X-FEM
meshes

Table 1 Material properties of an infinite saturated porous
medium with an inclined crack

Young modulus E = 9 GPa

Poisson ratio ν = 0.4

Biot constant α = 1

Porosity n = 0.3

Solid phase density ρs = 2,000 kg/m3

Water density ρw = 1,000 kg/m3

Bulk modulus of solid phase Ks = 1.0 × 1027 GPa

Bulk modulus of water Kw = 1.0 × 1027 GPa

Permeability k = 1.0 × 10−9 m3/Ns

Viscosity of water μw = 1 × 10−3 Pas

main issue with the coupling finite element formula-
tion of hydro-mechanical simulation is the numerical
stability. In such case, it is necessary to investigate the
inf-sup condition, called as the LBB condition. A com-
prehensive study on stabilization strategies in coupled
poro-mechanical problems was presented by Preisig
and Prevost (2011). Sun et al. (2013) proposed an adap-
tive stabilized scheme for coupled poro-mechanical
problems within the finite strain formulation, which
was capable to overcome the locking issue due to
shear failure, handling the pore fluid and solid skeleton
incompressibility, and satisfying the inf-sup condition
simultaneously. In the current study, the oscillations
are removed by using a very fine mesh at the region of
hydraulic fracturing with the drainage boundary con-
dition. It has been observed that there are not consider-
able oscillations in the pressure field using the proposed
computational approach.

7.1 An infinite saturated porous medium
with an inclined crack

The first example is chosen to illustrate the perfor-
mance of X-FEM model in hydro-mechanical analysis
of an inclined crack within an infinite saturated porous
media, as shown in Fig. 6. This example was originally
proposed by Réthoré et al. (2007b) to present their X-
FEM formulation for modeling the fluid flow in a frac-
tured porous medium, and used here for comparison. A
square-shaped fractured domain of 10 m × 10 m with
an inclined crack of length 2 m at its center is modeled
in a plane strain condition, which is subjected to a nor-
mal fluid flux of q0 = 10−4 m/s at the bottom surface
while the top surface is imposed as a drained condition.
The geometry, boundary conditions and the position of
the fault are shown in Fig. 6. The left and right edges
are assumed to have an undrained boundary condition.
The material properties of the soil are given in Table 1.
The X-FEM analysis is performed using a quadrilateral
structured FE mesh of 30×30 at different crack angles
of β = 15◦, 30◦ and 45◦. The problem is solved for a
total period of 10 s in 75 time steps.

In Fig. 7a, the distribution of vertical displacement
contour is shown for the fracture angle of β = 30◦ at
time step t = 10 s. Obviously, the imposed fluid flux
at the bottom of the porous medium increases the fluid
pressure through the domain and as a result inside the
fracture, so the crack opens and the fluid flows inside
the fracture. In Fig. 7b, the contour of pressure gradient
is shown in the normal direction to the fracture at time
step t = 10 s. Clearly, a jump can be observed at both
tips of the discontinuity. It is obvious that the fluid flows
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Fig. 7 An infinite saturated
porous medium with an
inclined crack at the crack
angle of β = 30o; a the
distribution of vertical
displacement contour, and b
the contour of pressure
gradient normal to
discontinuity at the time
step of t = 10 s

(a) (b)

inside the crack from the left crack-tip to the right one
because of the imposed fluid flux at the bottom edge. A
maximum pressure gradient can be seen at the bottom-
left of the crack-tip and a minimum value at the top-left,
representing that a considerable amount of fluid flows
through the fracture. In contrast, the minimum pressure
gradient at the bottom-right and its maximum value at
the top-right of the crack-tip cause the flow of fluid
from the fracture into the porous medium. In Fig. 8, the
evolutions of the ratio of out-flow to in-flow (imposed
fluid flux), i.e. qout/q0, are plotted for different fracture
angles, and the results are compared with that obtained
without a fracture. It can be clearly observed that the
presence of the fracture affects the flow of fluid from
the bottom to the top of the domain, described in terms
of the ratio of out-flow to in-flow in this figure. In fact,
a part of the fluid can be stored inside the fracture that
causes the fluid flow to decrease for the lower fracture
angle. Similar results were reported by Réthoré et al.
(2007b) that demonstrates a good performance of pro-
posed computational algorithm for modeling the fluid
flow through a fractured porous medium.

7.2 Hydraulic fracture propagation in an infinite
poroelastic medium

The next example illustrates the performance of pro-
posed X-FEM model for the simulation of hydrauli-
cally driven fracture propagation in an infinite porous
media. An analytical solution was obtained for this
example by Spence and Sharp (1985) and Emerman

Fig. 8 The ratio of out-flow to in-flow (qout/q0) for a fractured
porous media at different crack angles

et al. (1986) and used here for comparison. The exam-
ple was also modeled by Boone and Ingraffea (1990)
to present their staggered procedure, in which a finite
element method was applied for the mechanical prob-
lem and a finite difference method for the flow analysis
through the fracture. The hydraulic fracturing problem
was modeled using the adaptive FEM strategy to study
the static and dynamic behavior of fractured domain in
saturated porous media (Schrefler et al. 2006; Secchi et
al. 2007; Barani et al. 2011; Khoei et al. 2011). In this
study, the hydraulic fracture propagation is modeled
based on the proposed X-FEM technique to overcome
the expensive and cumbersome computational costs
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Fig. 9 A hydraulically
driven fracture propagation
in an infinite porous media.
A schematic illustration of
the problem, geometry,
boundary conditions and
X-FEM mesh

encountered during the mesh generation process in
crack growth simulation. The problem is solve using the
coupling X-FEM computational algorithm described
in Sect. 4, and the results are compared with the sim-
plified computational models of ‘partitioned solution
algorithm’ and a ‘time-dependent constant pressure
algorithm’ described in Sect. 5.

The hydraulic fracture problem demonstrates the
injection of fluid into a borehole at the constant rate
of Q that causes the fracture to advance into the porous
medium. Due to the symmetry of problem, the cir-
cular borehole is solved for one-half of the specimen
containing a tip, from which the crack enucleates. In
Fig. 9, the geometry and boundary condition of prob-
lem are presented together with the X-FEM mesh. A
finite element mesh of 2,420 quadrilateral elements is
employed where the size of elements around the bore-
hole is assumed to be 0.05 m × 0.05 m. The mesh size
is fine enough to represent accurately the distribution
of the fluid pressure in the direction of the propagating
fracture and to guarantee the mesh independence and
numerical convergence of the solution. The material
properties of poroelastic medium are given in Table 2.
An initial crack of length 0.05 m is assumed at the bore-
hole where the fluid injection is imposed, and a con-
stant flow rate of 0.0001 m2/s is applied at the crack
mouth. The crack propagates in the normal direction to

Table 2 Material properties of hydraulic fracture propagation
in an infinite poroelastic medium

Shear modulus G = 6 GPa

Drained Poisson ratio ν = 0.2

Undrained Poisson ratio νu = 0.33

Biot constant α = 1

Porosity n = 0.19

Solid phase density ρs = 2,000 kg/m3

Water density ρw = 1,000 kg/m3

Bulk modulus of solid phase Ks = 36.0 GPa

Bulk modulus of water Kw = 3.0 GPa

Permeability k = 6.0 × 10−12 m3/Ns

Viscosity of water μw = 1 × 10−3 Pas

Tensile strength σult = 1 MPa

the maximum principal tensile stress when the principle
effective stress at the crack-tip reaches the ultimate ten-
sile strength of the material 1.0 MPa. In order to evalu-
ate the accuracy of proposed computational algorithm,
the mass matrix is set to zero. The problem is solved for
10 s with the time increment chosen as 0.01 s to achieve
the results independent of the temporal discretization.

In the limiting case where there is no fluid leak-off
and under the simplifying assumption that the fractur-
ing fluid is incompressible and the surrounding porous
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Table 3 Constants A, B
and C given by Geertsma
and Klerk (1969) and
Spence and Sharp (1985)

Parameter Spence and Sharp (1985) Geertsma and Klerk (1969)

A 2.14 1.87

B 1.97 1.38

C 0.65 0.68

Fig. 10 The variations with
time of the crack length
(CL), crack mouth pressure
(CMP), and crack mouth
opening displacement
(CMOD). A comparison
between the coupling
X-FEM method, the
X-FEM method based on
the ‘partitioned solution
algorithm’, the X-FEM
method based on the
‘time-dependent constant
pressure algorithm’, and
those of analytical solutions

medium is impermeable, the analytical solutions were
reported by Geertsma and Klerk (1969) and Spence and
Sharp (1985) in terms of the crack mouth opening dis-
placement (CMOD), crack mouth pressure (CMP) and
crack length (CL) as

CMOD = A

(
μ(1 − ν)Q3

G

)1/6

t1/3

CMP = B

(
G3 Qμ

(1 − ν)3L2

)1/4

+ S

CL = C

(
G Q3

μ(1 − ν)

)1/6

t2/3 (44)

where S is the in situ stress normal to the crack growth
direction, G is the shear modulus, μ is the fluid vis-

cosity, t is the time, and parameters A, B and C are
constants given in Table 3 based on the solutions of
Geertsma and Klerk (1969) and Spence and Sharp
(1985).

In Fig. 10, the variations with time of the crack length
(CL), crack mouth pressure (CMP), and crack mouth
opening displacement (CMOD) are plotted using the
coupling X-FEM method, the X-FEM method based
on the ‘partitioned solution algorithm’, and the X-FEM
method based on the ‘time-dependent constant pressure
algorithm’, and the results are compared with those of
analytical solutions reported by Geertsma and Klerk
(1969) and Spence and Sharp (1985). Obviously, there
is a good agreement between the results of coupling
X-FEM method and the analytical solution obtained
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by Spence and Sharp (1985). It can be seen that the
results of ‘time-dependent constant pressure algorithm’
are close to those of analytical solution obtained by
Geertsma and Klerk (1969), particularly the profiles of
the crack length (CL) and crack mouth pressure (CMP).
It must be noted that the convergence is achieved in
this method with a maximum number of three itera-
tions for each time step. However, the results of ‘par-
titioned solution algorithm’ present a noticeable dif-
ference from the two analytical solutions, as can be
seen from the profiles of the crack length (CL) and
crack mouth opening displacement (CMOD). More-
over, a low convergence rate was observed in the solu-

tion of ‘partitioned solution algorithm’. Hence, it can be
highlighted that the ‘time-dependent constant pressure
algorithm’ proposed here can be considered as an effi-
cient simplified algorithm for the case of impermeable
medium. Finally, the contours of vertical displacement,
fluid pressure, and maximum principal stress are shown
in Fig. 11 at the time step t = 10 s for three compu-
tational algorithms, i.e. the coupling X-FEM method,
the X-FEM method based on the ‘partitioned solu-
tion algorithm’, and the X-FEM method based on the
‘time-dependent constant pressure algorithm’. Obvi-
ously, the overall performances of all three computa-
tional models are acceptable. An important issue inves-

Coupling X-FEM method Partitioned solution algorithm

Displacement
(uy)

Pressure (p)

Stress ( e)

(c)

(b)

(a)

σ

Constant pressure algorithm

Fig. 11 The contours of a vertical displacement, b fluid pres-
sure, and c maximum principal stress using the coupling X-FEM
method, the X-FEM method based on the ‘partitioned solution

algorithm’, and the X-FEM method based on the ‘time-dependent
constant pressure algorithm’
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Table 4 The hydraulic
fracture propagation in an
infinite poroelastic medium;
The residual norms at the
first time step

Iterations Coupling X-FEM
method

Partitioned solution
algorithm

Time-dependent constant
pressure algorithm

1 1.000E+1 1.000E+1 1.000E+1

2 0.446E−05 0.143E−01 0.283E+0

3 0.558E−10 0.142E−01 0.389E−14

4 0.122E−14 0.142E−01

.

.

.
.
.
.

21 0.975E−02

.

.

.
.
.
.

35 0.997E−03

.

.

.
.
.
.

50 0.870E−04

.

.

.
.
.
.

64 0.895E−05

.

.

.
.
.
.

78 0.919E−06

.

.

.
.
.
.

193 0.719E−14

tigated in this example is the convergence rate involved
in each approach. It was mentioned earlier that the cou-
pling X-FEM method and the X-FEM method based
on the ‘time-dependent constant pressure algorithm’
introduce a great convergence rate during the analysis.
However, the X-FEM method based on the ‘partitioned
solution algorithm’ requires a large number of itera-
tions for achieving a desirable norm of convergence. In
Table 4, the profiles of convergence rate are given for
all three approaches at the first time step of the solu-
tion that present a great performance of the coupling
X-FEM method and the X-FEM method based on the
‘time-dependent constant pressure algorithm’.

7.3 Hydraulic fracturing in a concrete gravity dam

The last example is chosen to illustrate the perfor-
mance of proposed X-FEM method for a challenging
problem of a concrete gravity dam under hydrostatic
pressure due to water pressure in the reservoir and the
dam self-weight. The dam geometry is similar to the
ICOLD benchmark exercise A2 (Proceedings of 5th
ICOLD International Benchmark Workshop on Numer-

ical Analysis of Dams 1999). This practical example
was modeled by Schrefler et al. (2006) using a quasi-
static cohesive fracture analysis, and Khoei et al. (2011)
using a dynamic analysis of cohesive fracture propa-
gation. In the simulation presented here, the coupling
X-FEM method is employed to evaluate the pattern of
crack growth in the dam concrete foundation, and the
results are compare with the ‘constant pressure algo-
rithm’. The geometry, boundary condition and X-FEM
mesh are shown in Fig. 12. The material parameters
for numerical simulation are given in Table 5. The zero
initial pore pressure is assumed for the concrete dam.
The problem is solved for the total time of 0.7 s with
the time step chosen as 0.002 s. The dam is modeled
under the hydrostatic pressure of the reservoir, where
the level of water is set to 70 m. The crack is automat-
ically induced in the dam using the maximum tensile
effective stress criterion, and propagated in a direction
perpendicular to the maximum tensile effective stress.

In Fig. 13, the contours of maximum principal stress
are presented at time step t = 0.7 s, where the frac-
ture length is equal to 3.5 m using the coupling X-
FEM method and the X-FEM method based on the
‘constant pressure algorithm’. It must be noted that
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Fig. 12 A concrete gravity dam under hydrostatic pressure; The geometry, boundary condition and X-FEM mesh

Table 5 Material properties of the concrete gravity dam

Elasticity modulus E = 24 GPa

Poisson ratio ν = 0.15

Biot constant α = 1

porosity n = 0.19

Density ρs = 2,400 kg/m3

Water density ρw = 1,000 kg/m3

Bulk modulus of solid phase Ks = 36.0 GPa

Bulk modulus of water Kw = 3.0 GPa

Permeability k = 10−18 m3/Ns

Viscosity of water μw = 1 × 10−3 Pas

Tensile strength σult = 1.5 MPa

in the ‘constant pressure algorithm’ proposed here, a
pressure boundary condition is assumed at the crack
mouth, so the analysis is carried out using a constant
water pressure acting on crack faces along the fracture
interface equal to the level of water in the reservoir.
Obviously, an almost identical stress contours can be
seen between two computational models, which are in
a good agreement with those reported by Schrefler et
al. (2006) and Khoei et al. (2011) using an adaptive
mesh refinement technique. In Fig. 14, the patterns of
crack growth in concrete dam are depicted for the cou-
pling X-FEM method and the ‘constant pressure algo-
rithm’ that show a good agreement with that reported

by Khoei et al. (2011). In Fig. 15, the variations with
time of the crack length (CL) and crack mouth open-
ing displacement (CMOD) are plotted for the coupling
X-FEM method and the ‘constant pressure algorithm’,
and the results are compared with those reported by
Khoei et al. (2011). Clearly, a reasonable agreement can
be observed between the X-FEM computational mod-
els and those obtained by an adaptive finite element
method. It can be concluded that while the proposed
coupling X-FEM method can be used for modeling
the hydraulic fracture propagation in both permeable
and impermeable domains, the ‘time-dependent con-
stant pressure algorithm’ can efficiently be applied as
a simple computational algorithm in the framework of
X-FEM formulation of deformable porous media for
the case of impermeable medium.

8 Conclusion

In the present paper, the hydraulic fracture propaga-
tion was presented in saturated porous media using
the extended finite element method. The mass bal-
ance equation of fluid phase and the momentum bal-
ance of bulk and fluid phases were employed to obtain
the fully coupled set of equations in the framework of
u−p formulation. The fluid flow within the fracture
was modeled using the Darcy law, in which the frac-
ture permeability was assumed according to the cubic
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Fig. 13 The contours of
maximum principal stress
using the coupling X-FEM
method and the X-FEM
method based on the
‘partitioned solution
algorithm’

Coupling X-FEM method Constant pressure algorithm 

Stress ( e)σ

Khoei et al. (2011)

Coupling X-FEM method

Constant pressure algorithm

Fig. 14 The patterns of crack growth in concrete dam using the
coupling X-FEM method and the ‘constant pressure algorithm’

law. The spatial discritization was performed using
the extended finite element method, the time domain
discritization was performed based on the generalized
Newmark scheme, and the non-linear system of equa-
tions was solved using the Newton–Raphson iterative
procedure. In order to perform the X-FEM formula-

tion, the discontinuity in the displacement field was
modeled using the Heaviside and crack-tip asymptotic
functions, and the discontinuity in the fluid flow normal
to the fracture was modeled using the modified level-
set function. Two alternative computational algorithms
were employed based on a ‘partitioned solution algo-
rithm’ and a ‘time-dependent constant pressure algo-
rithm’ to compute the interfacial forces due to fluid
pressure exerted on the fracture faces in impermeable
media.

Finally, several numerical examples were solved
to illustrate the performance of the X-FEM method
for hydraulic fracture propagation in saturated porous
media. The first example was chosen to demonstrate
the robustness of X-FEM in mixed mode fracture
analysis of an infinite saturated porous media with
an inclined crack. The last two examples were cho-
sen to demonstrate the robustness of X-FEM technique
in simulation of hydraulically driven fracture propa-
gation in an infinite poroelastic medium and a grav-

Fig. 15 The variations with
time of the crack length
(CL) and crack mouth
opening displacement
(CMOD). A comparison
between the coupling
X-FEM method and the
‘constant pressure
algorithm’
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ity dam under hydrostatic pressure. It was shown that
the proposed coupling X-FEM method can efficiently
be used for modeling the hydraulic fracture propaga-
tion in deformable porous medium. Furthermore, it
was shown that the ‘time-dependent constant pressure
algorithm’ can be used as a simplified computational
algorithm with a reasonable convergence rate in the
framework of X-FEM formulation for an impermeable
porous medium.
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