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a b s t r a c t

The main focus of this study is on application of the enhanced embedded discontinuity
approach to the analysis of pre-existing fractures. The J-integral is used to evaluate the
energy release rate around the crack tip and its value is compared with both that obtained
from Extended FEM simulations as well as from an analytical solution. The approach is also
used for modeling of cohesive crack propagation. It is demonstrated that the framework
gives results that are very close to those obtained using Extended FEM, while the former
requires less computational effort. A comparison with a standard smeared approach is
provided in order to highlight the nature of the contribution. The embedded discontinuity
framework is also applied to flow problems with pre-existing cracks. A modified form of
Fourier law is introduced and later employed for modeling of heat transfer/flow in the
domain that contains thermally isolated/impervious cracks.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

This study is an extension of earlier work reported
in [1]. The main objective here is to investigate the accu-
racy (in relation to XFEM) of the approach incorporating
an enhanced constitutive law with embedded discontinu-
ity for the analysis of crack propagation. In addition, using
a similarmethodology, a newmodified form of Fourier law
is introduced that is capable of describing flow within the
domain containing thermally/hydraulically isolated inclu-
sions. A number of numerical examples are provided ad-
dressing both of the above issues.

Modeling of damage initiation and propagation has
been one the most intensely researched topics over the
last few decades. The existing analytical solutions are re-
stricted to an elastic material and involve simple geome-
tries and boundary conditions. Therefore, they are not
directly relevant to practical engineering problems. The

∗ Corresponding author.
E-mail address: haghige@mcmaster.ca (E. Haghighat).

http://dx.doi.org/10.1016/j.eml.2015.11.001
2352-4316/© 2015 Elsevier Ltd. All rights reserved.
latter require, in general, a numerical simulation that typi-
cally involves the use of the Finite Element Method (FEM).
The early methodologies for capturing the progressive
damage were based on tracing the crack propagation on
the element boundaries [2]. These were later combined
with remeshing techniques [3] to increase the accuracy
of the simulated crack pattern. In addition, some smeared
techniques have also been proposed that incorporated
plasticity-based strain-softening relations [4,5]. A detailed
review of early FEM-basedmethodologies for crack propa-
gation analysis can be found in [6]. The concept of enhanc-
ing the standard strain-softening frameworks to ensure the
mesh-independencywas first presented in Ref. [7]. The ap-
proach advocates the use of volume averaging to estimate
the properties of an initially homogeneous medium inter-
cepted by a shear band/interface. The proposed constitu-
tive relation incorporates the properties of constituents
(viz. intact material and interface) as well as a characteris-
tic dimension associated with the structural arrangement,
which provides a length scale in the constitutive model.
The issue of analysis of strong discontinuities induced by
strain softening was later addressed in [8]. In that study,
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a description of discontinuous motion was introduced, via
an enriched strain field, and was incorporated into the fi-
nite element interpolants [9]. After introduction of the par-
tition of unity approach [10], the Extended Finite Element
Method (XFEM) was proposed [11,12], which allows not
only for an accurate description of a discontinuous veloc-
ity/displacement field but also for incorporation of the tip
enrichments into the approximation space. Although some
conceptual similarities can be found between the strong
discontinuity approach introduced in [8] and the XFEM,
the latter provides a more elaborate way of incorporating
any kind of asymptotic function into the FEM approxima-
tion space. The XFEM approach has been applied to various
problems such as cohesive crack problem [13], frictional
contact [14], strain localization [15,16], interface and frac-
ture propagation in multi-phase media [17–19]. A detailed
literature review can be found in [20]. The primary diffi-
culty in implementing XFEM is the need to deal with addi-
tional degrees of freedom. In particular, a special treatment
for activating enriched DOFs is required that generally in-
creases the computational effort compared with the stan-
dard FEM. Themain advantage of this method is the ability
to incorporate any asymptotic function in the discretized
model.

There are two key topics that can be addressed within
XFEM, i.e. modeling of discontinuous motion by enrich-
ing the FE interpolants, and a discrete representation of
crack. The latter results in a stable approach for advanc-
ing the analysis past the ultimate load that triggers the
failure. This is in contrast with smeared crack models in
which crack can initiate during equilibrium iterations and
may form in the adjacent integration points. In discrete
representation, the crack direction is fixed within an ele-
ment and is identified after equilibrium iterations. In this
way, the crack formation in two adjacent elements is usu-
ally avoided. The crack geometry is defined by the level-set
method [21], which provides a smooth propagation path.
It is believed here that a discrete representation of crack
can result in a more stable algorithm for most smeared
damage/crack models. In the recent study by authors [1],
a discrete tracing of crack path was used as the key idea
along with embedded discontinuity model [7,22] for mod-
eling of both the cohesive crack propagation and strain lo-
calization. It was shown that the discrete representation
improves the stability of the solution and results in sim-
ilar global and local stress/strain distribution. A new pro-
cedure for deriving the governing equations was provided
based on the general description of discontinuous motion.
The approach was also used for the modeling of failure in
anisotropic media [23]. The methodology employs some
concepts originating from XFEM, such as discrete crack
propagation strategies and level-set method; in terms of
formulation, however, it is based on an enhanced plastic-
ity/damage framework. As a result, a special treatment of
elements that involves activating enrichments/distinct in-
tegration scheme for XFEMor static condensation in strong
discontinuity approach, is no longer required.

The present paper is organized as follows. In the next
section, the formulation for both XFEM as well as the stan-
dard FEM incorporating a constitutive law with embed-
ded discontinuity (FEM/CLED) is outlined. The section is
concluded by presenting an extension of CLED method-
ology to modeling of discontinuities in scalar field prob-
lems. This involves a modified version of Fourier law that
can be employed for the analysis of heat transfer/fluid
flow problems within domains containing discrete frac-
tures. In Section 3, the procedure for tracing the propaga-
tion of crack path is addressed. In Section 4, the numerical
simulations of traction free crack are provided, which in-
clude the evaluation of J-integral [24]. It is shown that both
FEM/CLED and XFEM with Heaviside enrichment, i.e. no
singular tip enrichment, result in almost identical energy
release rates and stress/strain distribution. In Section 5,
the results of numerical analysis of some selected problem
involving cohesive crack propagation are addressed and
the predictions are compared with experimental bench-
marks. The study closes with an analysis involving a heat
transfer within a domain containing a set of thermally
non-conductive cracks of a randomorientation. The results
of both mechanical and flow simulations presented here
clearly demonstrate that the FEM/CLED framework can be
applied to a broad range of problems involving the pres-
ence of discontinuities.

2. Description of a discontinuous motion

Following Ref. [1], a discontinuousmotion v(x, t) in the
domain Ω that contains a discontinuity surface Γd can be
defined as

v(x, t) = v̂(x, t) + HΓd ṽ(x, t) (1)

where, v̂(x, t) and ṽ(x, t) are continuous functions in the
solution domain Ω and HΓd = H(φ) is the Heaviside step
function that can be expressed in its symmetric form as

H(φ) = 2
 φ

−∞

δ(ϕ) dϕ − 1 =


+1 φ > 0
−1 φ ≤ 0. (2)

Here, φ = φ(x) is the signed distance from the discontinu-
ity interface Γd, and δ(ϕ) is the Dirac delta function which
is defined as being singular at φ = 0 and equal to zero
elsewhere. Denoting jump of a function on the discontinu-
ity interface by [[•]] = •

+
− •

−, the rate of separation be-
tween the opposite crack faces, i.e. ġ, can be defined as

ġ = [[v]] =

v̂ + HΓd ṽ

+
−


v̂ + HΓd ṽ

−
= } ṽ

} = [[H]] = H+
− H− (3)

where, based on the representation (2), the jump in the
step function is } = 2. Considering that ∇H(φ) = H ′

∇φ
and H ′(φ) = }δ(φ) = }δΓd , the velocity gradient of the
discontinuous motion (1) can be expressed as

∇
sv = ∇

sv̂ + HΓd∇
sṽ + δΓd(}ṽ ⊗ n)s (4)

where n = ∇φ is the normal to the interface, and the su-
perscript s refers to the symmetric part of the gradient op-
erator.

2.1. Space discretization for XFEM strategy

Within the XFEM strategy, a discontinuous field can be
incorporated into the approximation space by introducing
enrichment functions and additional degrees of freedoms.
Thus, the discontinuous motion (1) can be approximated
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by

vh(x, t) = v̂h(x, t) + HΓd ṽ
h(x, t)

= N̂(x) ˙̂d(t) + HΓd Ñ(x) ˙̃d(t) = N(x) ˙̄d(t) (5)

where, N̂ and Ñ are standard finite element shape functions
that may have different orders of approximation and d̂ and
d̃ are standard and enriched degrees of freedom, respec-
tively. In order to achieve a better representation of the
enriched approximation and to avoid the use of blending
elements, the shifted formof approximation (5) can be em-
ployed [25], viz.

vh(x, t) = N̂(x) ˙̂d(t) + Ñ(x)9(x) ˙̃d(t) = N(x) ˙̄d(t). (6)

Here, 9(x) is the shifted form of the step function defined
as

9(x)

=


H(φ) − H(φ1) 0 . . . 0

0 H(φ) − H(φ2) . . . 0
.
.
.

.

.

.
. . .

.

.

.

0 0 . . . H(φ) − H(φn)

 (7)

and n is the number of interpolation functions. Note that
since [[9(x)]] = (H+

−H−) I = } I, where I is the identity
matrix, the crack opening ġh(x, t) can be expressed as

ġh(x, t) = [[vh(x, t)]] = [[N̂(x)]] ˙̂d(t) + [[Ñ(x)9(x)]] ˙̃d(t)

= } Ñ(x) ˙̃d(t). (8)

2.2. The approach incorporating a constitutive law with
embedded discontinuity (CLED)

Averaging the velocity gradient (4) over a reference
volume1v, which includes the discontinuity interface, one
obtains
1

1v


1v

∇
sv dv

=
1

1v


1v

∇
sv̂ dv +


1v

HΓd∇
sṽ dv

+


1v

δΓd(}ṽ ⊗ n)s dv


=
1

1v


1v

∇
sv̂ dv +


1v

HΓd∇
sṽ dv

+


1a

(}ṽ ⊗ n)s da


(9)

where 1a is the area of the discontinuity surface within
the reference volume. Assuming that the variations of the
integrands in (9) are small, one has

∇
sv = ∇

sv̂ +
1v+

− 1v−

1v
∇

sṽ +
1a
1v

(}ṽ ⊗ n)s. (10)

Defining nowχ = 1a/1v and κ = (1v+
−1v−)/(} 1v),

and using ġ = }ṽ one obtains
ε̇ = ˙̄ε + ˙̃ε where
ε̇ = ∇

sv
˙̄ε = ∇

s(v̂ + κ ġ)
˙̃ε = χ (ġ ⊗ n)s.

(11)

In Eq. (11), ˙̄ε represents the deformation in the intact ma-
terial while ˙̃ε is the strain rate due to discontinuousmotion
along the interface averaged over the reference volume.
In general, ˙̄ε may include both elastic and plastic deforma-
tions in the intact material. Note that the representation
(11) may be simplified by assuming that the discontinu-
ity divides the element into two approximately equal vol-
umes, in which case κ approaches zero, i.e. κ → 0. It
should be pointed out that the definition of the charac-
teristic dimension χ = 1a/1v employed in the current
methodology is markedly different from that used in the
strong discontinuity approach [26]. In the latter case, χ is
defined as 1/h, where h is effective bandwidth of the dis-
continuity.

Using now the additivity postulate and following the
standard plasticity procedure, the stress rate in the intact
material σ̇Ω can be defined as,

σ̇Ω = D : ˙̄ε = D : (ε̇ − ˙̃ε) (12)

where D is the fourth order stiffness operator. The traction
vector across the interface must remain continuous, i.e.
n ·σΩ = n ·σΓ . Thus, imposing this constraint and writing
the constitutive relation for the interfacial material in the
rate form as σ̇Γ · n = ṫ = K · ġ, one obtains,

n · D : ˙̄ε = K · ġ where K = R · K∗
· RT . (13)

In Eq. (13), K is the tangential stiffness operator for
the interfacial material in the global coordinate system
while K∗ defines the same operator related to the local
coordinate system along the interface. Using Eq. (13),
together with Eqs. (11) and (12), one obtains

˙̃ε = E : D : ε̇

where E = χ n ⊗ (K + χ n · D · n)−1
⊗ n. (14)

Now, substituting Eq. (14) into the constitutive relation
(12) yields

σ̇Ω = D̃ : ε̇ where D̃ = D − D : E : D. (15)

Note that using matrix notation, relations (11), (14) and
(15) can be expressed as

{ε̇} =

˙̄ε


+

˙̃ε


where

{ε̇} = [L] {v}
˙̄ε


= [L]

v̂ + κ ġ


˙̃ε


= χ [n] {ġ}
˙̃ε


= [E] [D] {ε̇} where
[E] = χ [n]


K̄
−1

[n]T
K̄


= [K] + χ [n]T [D] [n]
{σ̇Ω} = [DT ] {ε̇} where [DT ] = [D] − [D] [E] [D]

(16)
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where,

∇

s
•


= [L] {•} and

[n] =


n1 0 0
0 n2 0
0 0 n3
n2 n1 0
n3 0 n1
0 n3 n2

 ;

[L] =



∂

∂x
0 0

0
∂

∂y
0

0 0
∂

∂z
∂

∂y
∂

∂x
0

∂

∂z
0

∂

∂x

0
∂

∂z
∂

∂y



.

(17)

Thus, in the context of CLED, for elements experiencing
cracking, the constitutive relation (15) must be employed.

2.3. Application of CLED to modeling of flow problems in the
presence of discontinuities: Fourier/Darcy lawwith embedded
discontinuity

Noting the conceptual similarities between a discrete
representation of FEM/CLED and XFEM, one can use the
former approach to deal with virtually any type of discon-
tinuities that can be addressed through XFEM approach.
One example, which is described here, is the application
to modeling discontinuities in scalar field problems such
as heat and fluid flow.

The discontinuous scalar field variable ϕ can be
expressed as

ϕ = ϕ̂ + H ϕ̃ → ∇ϕ = ∇ϕ̂ + H∇ϕ̃ + δΓ ϕ̃n (18)

where ϕ̂ and ϕ̃ are continuous functions and H = H(φ) is
the Heaviside function, as defined in (1). Averaging Eq. (11)
over a small enough reference volume, and following the
approach described in the previous section, one can obtain

∇ϕ ≈ ∇ϕ̂ + χ ϕ̃n (19)

as an approximation of the discontinuous field. The pa-
rameter χ depends on the geometry of the discontinuity
within the referential volume, and its definition is analo-
gous to that given earlier. By invoking representation (18),
the Fourier law can now be rephrased to define the flow
within a domain containing a discontinuity, i.e.

q = −k · ∇ϕ̂ = −k · ∇ϕ + χk · ϕ̃n. (20)

Here, q is the flux vector, and k as either the thermal or
hydraulic conductivity operator for heat transfer or fluid
flow in porous media, respectively. The above represen-
tation can be applied within the context of any given in-
terfacial properties. Here, the simple case of thermally
isolated/impervious interfaces is addressed, for which
qn = n · q = 0 on Γd. Imposing this constraint in Eq. (20),
yields

− n · k · ∇ϕ + χϕ̃ n · k · n = 0

→ ϕ̃ =
1

χknn
n · k · ∇ϕ (21)

where knn = n · k · n. Substituting Eq. (21) back into Eq.
(20), the Fourier lawwith embedded discontinuity can be ex-
pressed as

q = −k̃ · ∇ϕ where k̃ = k −
(k · n) ⊗ (n · k)

knn
. (22)

Note that k̃which is an equivalent thermal/hydraulic con-
ductivity operator for a region which contains a thermally
non-conductive/impervious crack, is now independent of
χ . This allows for a simple and straightforward implemen-
tation of this approach in standard numerical codes.

3. Discrete crack propagation

As shown in several studies addressing discrete mod-
eling of crack [14,23], the path of crack propagation can
be traced by the level-set method. Based on this approach,
a moving/propagating interface Γd(t) can be defined as
the zero level set of a function φ(x, t), i.e., Γd(t) =

{ x|φ(x, t) = 0 }.
The function φ(x) itself can be expressed as the signed dis-
tance function

φ(x) = sign {nΓ · (x − xΓ )} min ∥x − xΓ ∥ (23)

where nΓ is a normal to the direction of propagation, x is
an arbitrary point in Ω , and xΓ is the point located on the
interface at the minimum distance from x.

For two dimensional XFEM simulations, as performed
in this study, the interface is defined as a polygon of
line segments passing through elements in which a crack
has formed. Hence, for a node that is common for two
adjacent enriched elements, the level set function can be
defined as the minimum distance from this node to the
respective line segments associated with these elements.
For each element, the values of the level-set function at
Gauss points can be determined from nodal values using
FEM interpolation functions, i.e. φ =


Niφ̄i.

In the case of CLED, i.e. the framework incorporating a
constitutive law with embedded discontinuity, the same
approach is used for tracing the propagating crack. Thus,
by analogy to XFEM, the crack is introduced at the element
level and the characteristic dimension χ is evaluated
based on the volume of the element and the geometry of
the propagating crack. Consequently, at all Gauss points
associated with this element the constitutive relation (15)
that employs the volume averaging is used. Given the
similarity of this procedure to the general methodology for
tracing the interface adopted in XFEM, the results obtained
from these two approaches are very similar. Further
details regarding the specification of the orientation of the
propagating path are provided in [1]. Themain steps of this
approach are summarized in the flow chart in Fig. 1.
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Fig. 1. Flow chart defining the crack propagation strategy for both FEM/CLED and XFEM formulations.
4. Numerical simulations for a traction free crack

In this section, the problem of traction free cracks
is investigated using the formulation introduced in the
previous section. Two cases are considered involving an
edge crack and a crack located inside the considered
domain. The energy release rate is used as a deterministic
way of comparing the results with both XFEM (without tip
enrichment) and an analytical solution.

For the case of FEM/CLED, imposing the traction free
condition results in a simple procedure that can be easily
incorporated within any FEM code. In order to impose this
constraint, one can set ṫ = 0 or equivalently K = 0 in Eq.
(14). The stiffness operator D̃ will then reduce to
D̃ = D − D : E : D

where E = n ⊗ (n · D · n)−1
⊗ n (24)
which is independent of the characteristic dimension χ .
Eq. (24) can be conveniently defined in the local coordinate
system attached to the crack. The matrix form of the
operator ñ, Eq. (16), can then be expressed as

[ñ] =



ñ1 0 0
0 ñ2 0
0 0 ñ3

ñ2 ñ1 0
ñ3 0 ñ1

0 ñ3 ñ2


=



1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0


. (25)

Thus, representation (24) can be written in a component
form as
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Fig. 2. Edge crack problem.

[D̃] =


0 0 0 0 0 0
0 D̃22 D̃23 0 0 0
0 D̃23 D̃22 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 G



where
D̃22 = −

D2
12

D11
+ D11 = −

λ2

λ + 2µ
+ λ + 2µ

D̃23 = −
D2
12

D11
+ D12 = −

λ2

λ + 2µ
+ λ

(26)

where λ and µ are Lame constants. This simple local rep-
resentation of D̃ is an efficient way of employing the CLED
approach for modeling of traction free cracks with pre-
defined dimensions. In this case, since the orientation of
the crack is known in advance, the discontinuous tangen-
tial operator can be defined through Eq. (26) prior to the
analysis. This operator is similar to an anisotropic elastic
matrix, which can be defined in most FEM packages.
4.1. Mode I edge crack problem

The first problem that is investigated is the two-
dimensional plane stress Mode I edge crack under tensile
stress. The problem geometry is based on the study
reported in [12], and it is shown in Fig. 2.

The tensile traction σ = 1 psi is applied at both the top
and the bottom surfaces, while two points on the right side
are constrained to ensure the stability. The FE discretiza-
tions employed in this analysis are shown in Fig. 3. For the
case of edge crack the analytical value of stress intensity
factor KI is [27]

KI = Cσ
√

πa,

C = 1.12 − 0.231
 a
w


+ 10.55

 a
w

2

− 21.72
 a
w

3
+ 30.39

 a
w

4

(27)

withKII = 0. The energy release rate can then be calculated
analytically from J Integral-stress intensity factor relation

J =
K 2
I + K 2

II

E ′

with E ′
=


E Plane Stress
E/(1 − ν2) Plane Strain.

(28)

Two approaches are used here, i.e. CLED with the consti-
tutive equation (26) assigned to the elements containing
a crack, and XFEM analysis without the tip enrichments.
The J-Integral calculations, using average of 5 contours, are
shown in Table 1.

It is evident here that both CLED and XFEM without
tip enrichment give results with a very similar accuracy,
except for the second type of discretization. In the latter
case, the interface passes very close to thenodes embedded
in the FE mesh. As a result, the Jacobian operator in XFEM
formulation becomes ill-conditioned as the volume on one
side of partitioned element is almost zero. There have
been various special techniques suggested in the literature
to resolve this issue (e.g., abandoning integration over
the negligible volume, correcting the interface orientation,
Fig. 3. Different discretizations used in numerical simulations.
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Table 1
Relative error of J-Integral calculations from FEM/CLED and XFEMw.r.t. analytical solution for the edge crack
problem.

Analytical FEM/CLED RE XFEM RE

Mesh 1 8.78E−04 1.07E−03 21.7 1.07E−03 21.4
Mesh 2 8.78E−04 9.08E−04 3.4 1.00E−05 98.9
Mesh 3 8.78E−04 1.08E−03 22.7 1.07E−03 22.2
Fig. 4. Center crack problem.

etc.), however, the results reported here are based on the
original approach that employs the integration scheme
with the back triangulation. It should be noted that this
problem does not arise within the discrete FEM/CLED
formulation as the constitutive relation is integrated over
the entire element resulting in less relative error.

It is apparent from Table 1 that although both ap-
proaches yield very similar results, the relative errors with
respect to the analytical solution are, in general, rather sig-
nificant. The reason lies in the inability of standard FEM in-
terpolations to reproduce crack tip singularities. In XFEM,
this can be resolved by enriching the tip element with sin-
gular asymptotic functions, as suggested in various pub-
lications [12,14,28]. Note that the local tip enrichment can
also be applied to FEM/CLED approach. In this case, the only
part of the domain that requires the enrichment would be
the tip element. In most of the practical applications of
XFEM the tip enrichments are ignored, which makes the
CLED approach very attractive in view of its simplicity and
comparable accuracy.

4.2. Center crack problem

The second problem analyzed here is that involving a
crack in the center of a square plate, loaded under plane
stress condition. The geometry of the problem is shown in
Fig. 4.

In this case, three different orientations of the crack are
considered, i.e. ax fixed with ax = 0.1 m and ay varying
with ay = (0, 0.05, 0.1) m respectively. The plate is sub-
jected to boundary traction σ = 100 MPa applied at the
top and the bottom faces. The center node at the bottom
is fixed while the center node on top is horizontally con-
strained to provide stability. The material/geometric prop-
erties are

E = 200 GPa, v = 0.3, L = 1.0 m.

Three different meshes are again used for this study, as
shown in Fig. 5, while the analytical solution for a center
crack within an infinite plate is [12]

KI = σ
√

πa cos2 β, KII = σ
√

πa sinβ cosβ. (29)

For the case of horizontal crack with ay = 0 m, the re-
sults of J-Integral calculations are provided in Table 2. For
an inclined crack, the calculation were performed using
the third mesh only and the corresponding results are pro-
vided in Table 3.

Again, it is evident from Tables 2 and 3 that the results
of FEM/CLED and XFEM calculations are very close. For the
case of inclined crack with ay = 0.05 m, the estimate from
FEM/CLED has less relative error as compared to XFEM
approach.
Fig. 5. The discretizations that are used for analysis.



E. Haghighat, S. Pietruszczak / Extreme Mechanics Letters 6 (2016) 10–22 17
Table 2
Relative error of J-Integral calculations from FEM/CLED and XFEM w.r.t. analytical solution for horizontal crack.

Analytical FEM/CLED RE XFEM RE

Mesh 1 1.57E+04 2.05E+04 30.3 2.02E+04 28.9
Mesh 2 1.57E+04 2.03E+04 29.5 2.02E+04 28.7
Mesh 3 1.57E+04 1.91E+04 21.4 1.90E+04 20.9
Table 3
Relative error of J-Integral calculations from FEM/CLED and XFEM w.r.t. analytical solution for inclined cracks with Mesh 3.

Analytical FEM/CLED RE XFEM RE

ay = 0.0 m 1.57E+04 1.91E+04 21.4 1.90E+04 20.9
ay = 0.05 m 1.40E+04 1.41E+04 0.2 1.68E+04 19.8
ay = 0.1 m 1.11E+04 8.69E+03 21.7 1.35E+04 21.4
5. Numerical simulations of cohesive crackpropagation

In this section, the problem of a cohesive crack propa-
gation is investigated using FEM/CLED and the results are
compared with XFEM. In order to describe the mechanical
characteristics of the interfacial material, a simple dam-
age model, similar to that proposed in Ref. [15], is em-
ployed. Within this framework, an exponential relation for
the evolution of cohesive forces acting on the crack faces is
assumed, i.e.

Ft(gn) =


Ft gn ≤ δc

Fte
−Ft
G (gn−δc ) gn > δc

(30)

where, δc is the critical separation for imposing the con-
tact condition in a penalty approach, Ft is the initial tensile
strength of the material, and Ft(gn) is the tensile strength
at separation gn. The failure criterion is written as

f (tn, gn) = tn − Ft(gn). (31)

During an active loading process, there is f (tn, gn) = 0, so
that the normal traction tn can be expressed as

tn = Ft exp


−
Ft
Gf

(gn − δc)


. (32)

The shear traction tt can be defined in terms of discontinu-
ity in the tangential component of displacement gt

tt = d Ktgt =
Ft

Ft
Ktgt (33)

where d = Ft/Ft is the damage parameter and Kt is
the shear stiffness of the interfacial material. Referring the
problem to the local coordinate system along the crack, the
incremental form of Eqs. (32) and (33) can be written as

ṫn = k11ġn =


−

F 2
t

Gf
exp


−

Ft
Gf

(gn − δc)


ġn

ṫti = ki1ġn + ki2ġti

=


−

Ft
Gf

exp


−
Ft
Gf

(gn − δc)


Ktgti


ġn

+ {d Kt} ġti , i = 1, 2

(34)

where the indexes 1, 2 define the in-plane orientations.
Thus, the constitutive relation for the interfacial material
can be expressed in the rate form

ṫ∗ = K∗
· ġ∗ where K∗

=

k11 0 0
k21 k22 0
k31 0 k33


(35)

where K∗ is the tangential stiffness operator.

5.1. Three point bending problem

The first example given here involves a simply sup-
ported concrete beam subjected to an increasing vertical
displacement applied in the middle of the span, Fig. 6. The
geometry is taken from the Ref. [16]. The beam has dimen-
sions l = 600 mm and b = t = 150 mm, where t is the
out of plane thickness, and the material properties are as
follows

E = 36.5 × 103 MPa; v = 0.1;
Ft = 3.19 MPa; Gf = 0.05 N/mm;

δc = 1 × 10−4 mm.

The key results of the analysis are presented in Figs. 7–9.
Fig. 7 shows the damage pattern that is superimposed on
the distribution of σ11. The solution is identical here for
both XFEM and FEM/CLED simulations. The failure process
involves development of tensile cracks near the middle
of the span and subsequent propagation of a dominant
vertical crack in the center of the beam. These results
are now compared in Fig. 8 with the solution using the
original smeared cracking approach, i.e. CLED without the
enhancement for discrete representation of crack path. The
load–displacement (δ) response is shown in Fig. 9. The
behavior becomes unstable after reaching the peak (see the
figure on the left-hand side). It is evident that the solution
based on the enhanced FEM/CLED is virtually identical

Fig. 6. Three point bending test on a concrete beam
(l = 4b = 4t = 600 mm).
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Fig. 7. Top: Cracking pattern depicted on σ11 contour for XFEM or FEM/CLED analysis (identical solutions); Bottom: Cracking pattern and deformation
vector plotted on the deformed shape (Scale = 100).
Fig. 8. The crack pattern obtained using the classical smeared FEM/CLED approach.
Fig. 9. Reaction force vs. (a) vertical displacement and (b) crack mouth opening displacement (CMOD).
to that obtained using XFEM methodology, while there
is a markable difference in the results of CLED approach
corresponding to discrete and smeared cracking.

5.2. Nooru-Mohamed mixed mode cracking test

The second problem that is studied here is based on the
experimental test performed by Nooru-Mohamed [29] and
involves a mixed mode cracking. The geometry of the
problem is shown in Fig. 10. The specimen has the
dimensions of l = b = 200 mm, c = 25 mm, and out
of plane thickness t = 50 mm. Material properties, are as
reported in [29], i.e.

E = 29 × 103 MPa; ν = 0.15;
Ft = 3.67 MPa; Gf = 0.05 N/mm;

δc = 1 × 10−3 mm.

The loading process consists of two different stages. First,
a horizontal displacement of δx = 0.005 mm is applied
along the vertical faces under δy = 0. At this stage, referred
to as the shearing stage, no cracks are formed. Then, a
vertical displacement δy is imposed along the horizontal
faces, while the δx remains constant. This stage results in
onset andpropagation of tensile cracks. The response of the
structure is shown Figs. 11–14.
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Fig. 10. Mixed mode cracking test (l = b = 200 and c = 25 mm).

Fig. 11 shows the cracking pattern superimposed on
the contours of horizontal and vertical displacements,
while Fig. 12 gives a similar representation in terms of
displacement vectors. In this case, two macrocracks form,
at the notches, and propagate towards the center of the
specimen. The fracture pattern is consistent with the
experimental evidence [29] and it is identical for both
XFEM and FEM/CLED approaches.

Figs. 13–14 present the evolution of the components
of the reaction force against imposed boundary displace-
ments aswell as the crack tip opening. Again, as the vertical
displacement is imposed, the response becomes unstable.
The global characteristics are very similar for bothmethod-
ologies, i.e. XFEM and FEM/CLED. This is particularly evi-
dent both prior to as well as at the early stages of the onset
of global instability, which is of primary interest for practi-
cal engineering purposes. At very advanced stages of defor-
mation, the enhanced volume averaging method predicts
less crack opening than the XFEM.

6. Modeling of heat transfer around thermally isolated
crack

The last numerical study presented here deals with ap-
plication of the Fourier law with embedded discontinuity,
as discussed in Section 2.3. In this case, the equivalent ther-
mal conductivity operator k̃ for elements that contain a
thermally non-conductive crack is defined by Eq. (22). Re-
ferring the problem to the local coordinate system along
the crack of unit normal ñi = (1, 0, 0) and assuming that
Fig. 11. Cracking pattern superimposed on the contours of horizontal (u) and vertical (v) displacements (mm).
Fig. 12. Left: Cracking pattern and the displacement vector plotted on the deformed shape (scale factor = 100); Right: Experimental results [29].
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Fig. 13. Reaction components (RX and RY) vs. vertical displacement (DY).
Fig. 14. Reaction force vs. CMOD (crack mouth opening displacement).
the intactmaterial is isotropic, the expression for k̃ reduces
to a simple form

k̃ =

0 0 0
0 k 0
0 0 k


(36)

where k is the conductivity of the intact material. It
is evident that the representation (36) can be easily
incorporated in any standard FEM package through an
option of material anisotropy.

The illustrative example provided here is similar to that
reported in [16] and concerns a steady-state heat flow
within the domain containing thermally isolated cracks.
Three different scenarios are examined, viz. a single hor-
izontal crack with β = 0°, an inclined one with β = 45°,
and a set of nine randomly distributed cracks. The geome-
try of the problem is shown in Fig. 15. The analysis is con-
ducted herewith (L, a) = (1, 0.25)mfor a single crack and
(L, a) = (1, 0.1) m for multiple cracks, while the assumed
temperature gradient is θtop−θbot = +20K. The coefficient
of thermal conductivity k is taken as k = 1 W/mK.

The main results are shown in Figs. 16–17 and are pre-
sented in terms of stream lines which are superimposed
on the temperature field normalized with respect to θtop.
Fig. 15. Geometry of the problem for heat transfer around an insulated
crack.

Fig. 16 gives the solution for a single crack, while Fig. 17
shows the heat flow pattern in the presence of randomly
distributed cracks. It is evident that the simple model pro-
posed here is capable of an adequate representation scalar
field problems involving constrained discontinuities.
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Fig. 16. Heat flux stream lines superimposed on the normalized temperature field.
Fig. 17. Heat flux stream lines for the randomly distributed multiple
cracks superimposed on the normalized temperature field.

7. Concluding remarks

The primary focus of the study presented here, which is
an extension of a recently published work [1], was on ap-
plication to analysis of fracture problems involving traction
free and cohesive cracks. In addition, the flow problems in
the presence of non-conductive discontinuities have been
addressed by introducing a Fourier flow model with em-
bedded discontinuity.

In the first part of this work, the issue of the accuracy
of the solution based on FEM/CLED analysis of pre-existing
cracks was addressed. The results were compared with
XFEM approach without the tip enrichments. The reason
for this choice was that in most engineering applications,
especially those involving analysis of large scale structures,
the use of tip enrichments is usually avoided. The
comparison was based on the energy release rate (J-
integral) calculations around the crack tip and the relative
error was assessed in relation to the analytical solution.
The comparison showed that both approaches, i.e. CLED
andXFEM, give very similar results in terms of reproducing
the displacement/stress fields around the crack. The
comparison was conducted for an edge crack as well as
center cracks of different orientations. It is noted that the
CLED approach can also be used in conjunctionwith the tip
enrichments to reproduce the tip singularities. In this case,
the enrichment will only be required for the tip element.

In the second part of this work, the cohesive crack
propagation problems have been addressed. Two sets of
numerical simulations were conducted. In this first ex-
ample, involving a three-point bending test, the discrete
representation of CLED was compared with its original
‘smeared’ version as well as XFEM. It was demonstrated
that the enhanced discrete representation can reproduce
virtually identical solution to that of XFEM in terms of both
the crack propagationmechanismand the stress/strain dis-
tribution. However, the ‘smeared’ representation provides
a simplified picture of the fracture pattern and becomes
numerically unstable after reaching the peak load. The sec-
ond example, which involved a simulation of a mixed frac-
ture mode, led to similar conclusions in terms of accuracy
of CLED in relation to XFEM.

In the last part, a new representation of Fourier law
was introduced that takes into account the discontinuity
within the flux domain. The methodology was applied
to the problem involving a steady state heat flow
around non-conductive interfaces. Again, the procedure
can be extended to take into account different thermal
conductivities of cracks. This can be an attractive feature
for problems such as hydraulic fracturing due to its
efficiency and simplicity.
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