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SUMMARY

In this paper, the problem of propagation of localized deformation associated with formation of macrocracks/
shear bands is studied in both tensile and compressive regimes. The main focus here is on enhancement of the
constitutive law with embedded discontinuity to provide a discrete representation of the localization phenom-
enon. This has been accomplished by revising the formulation and coupling it with the level-set method for
tracing the propagation path. Extensive numerical studies are conducted involving various fracture modes,
ranging from brittle to frictional, and the results are compared with the experimental data as well as those
obtained using XFEM methodology. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The research reported here is focused primarily on the problem of damage propagation in frictional
materials. The approach incorporates a constitutive law with embedded discontinuity (CLED). This
methodology, developed in references [1, 2], has been previously used within the context of
smeared modeling of localization problems. The primary novelty here is an extension of this
framework to describe the discrete nature of the frictional damage process associated with
elastoplastic deformation. This has been achieved by revising the original approach and coupling it
with the level-set representation to capture the path of the macrocrack/shear band propagation.
Within the proposed framework, the discontinuity is defined at the element level rather than at an
integration point, which is in contrast to the classical smeared approach. Thus, in the presence of a
discontinuous motion, the volume of a finite element itself is perceived as a reference volume. In
what follows, an analytical derivation of the governing equations is provided first based on
averaging the motion characteristics in the vicinity of discontinuity. An implicit return mapping
algorithm is then developed for integration of the governing elastoplastic constitutive relation. A
simple numerical strategy is also introduced for specifying the direction of propagating macrocrack
based on orientation averaging in the domain adjacent to the tip. The framework is subsequently
applied to numerical analysis of problems involving a cohesive/mixed-mode fracture as well as
strain localization associated with formation of a shear band, and the results are compared with
those obtained from Extended Finite Element Method (XFEM) simulations.

Since the rise of the computational era in the 1960s, an intensive amount of research has been
conducted on modeling of the evolution of damage. The focus was initially on brittle materials, and
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ON MODELING OF DISCRETE PROPAGATION OF LOCALIZED DAMAGE 1775
one of the first attempts, within the finite element framework, was based on separating the element
edges during the crack formation process [3, 4]. In order to improve the accuracy, this approach was
later combined with adaptive re-meshing [5–7]; however, it proved to be computationally inefficient.
The other methodology that was pursued was the smeared cracking approach. This approach was
initiated in the late 1960s in a work by Rashid [8]. Because of its simplicity and suitability in FEM
formulation, it has been widely used in the 1970s and 1980s for modeling of damage [9–12]. The
approach is well suited for simulating the evolution of cracking in brittle materials, like concrete,
at early stages of the loading process, as the damage is then associated with formation of
multiple microcracks within the considered domain. However, the macrocracking and its discrete
nature cannot be properly modeled within this approach. Furthermore, the formulation suffers
from mesh size dependence. An alternative approach to address the issues related to discrete
crack propagation involves the boundary integral formulation [13]. The framework is consistent
with that of the linear fracture mechanics; it can provide very accurate results in relation to the
analytical solutions; however, its extension to deal with material nonlinearity is complex. The
next approach that was developed was the one presented in reference [1]. The methodology was
based on a smeared representation, incorporating volume averaging, and the focus was on
resolving the issue related to the mesh size dependence. This was accomplished by incorporating
a characteristic dimension that was explicitly related to geometry of the discretized domain. An
attempt conceptually similar to this work was later presented in reference [14] following a
different mathematical format.

Another way to incorporate the strong discontinuities within the FEM approximation space was
the use of elements with embedded discontinuities [15] and/or regularized discontinuous finite
elements [16]. In addition, element-free Galerkin methods have also been employed for
simulating the damage evolution as they show higher accuracy compared with standard FEM
interpolations [17]. Introduction of reproducing kernel and partition-of-unity concepts [18–20]
has opened a new door in numerical modeling of crack propagation and led to the introduction
of the XFEM [21–23]. This approach is well suited for describing the discrete nature of
the crack propagation process, and an extensive research has been conducted on this topic over
the last few decades. The approach has been coupled with the level-set method for tracing the
propagating crack [24, 25] and later used in modeling the discontinuities in a wide range of
applications including dynamic problems [26], hydro-mechanical problems [27–29], thermo-
elasticity [30–32], contact problems [33, 34], and shear band formation [35, 36]. The approach
has also been used for discontinuous modeling within the newly developed isogeometric
method [37].

In this article, the problem of damage propagation associated with shear band localization is
investigated. As mentioned earlier, the main focus here is on employing FEM that incorporates
an enhanced CLED approach. The enhancement deals with proposing a strategy to capture the
path of damage propagation in a discrete way and coupling of this methodology with the level-
set representation. The results are compared with experimental evidence and/or those obtained
using the XFEM approach. In Section 2.1, the analytical representation of a discontinuous
motion along with its implementation in the XFEM is reviewed. Section 2.2 focuses on the
formulation of a constitutive law incorporating a strong discontinuity, which is then followed, in
Section 3, by the formulation of a new return mapping scheme. The enhanced crack propagation
strategy that is used within this framework is outlined in Section 4. In Section 5, the results of
extensive numerical studies are discussed. First, some illustrative examples dealing with cohesive
crack propagation are provided, which include a double-cantilever problem investigated in [38]
and the simulation of a mixed-mode cracking test performed in [39]. Later, the problems
involving shear band localization are examined, including the simulation of a plane strain biaxial
compression test [40] as well as an assessment of slope stability. It is demonstrated that both
frameworks, that is, FEM incorporating the enhanced CLED and XFEM, yield virtually identical
response, thus giving advantage to the former one as it does not require the incorporation of any
additional DOFs. The conclusions emerging from this study are presented in Section 6. All
simulations conducted here are based on FEM/CLED and XFEM programs that were developed
by the authors.
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1774–1790
DOI: 10.1002/nag



1776 E. HAGHIGHAT AND S. PIETRUSZCZAK
2. DISCONTINUOUS MOTION: XFEM VERSUS CONSTITUTIVE LAW WITH EMBEDDED
DISCONTINUITY

Referring to Figure 1, consider a body Ω that includes a discontinuous surface Γd. The discontinuity
can be described as Γd={xα | xα2Ω∧ϕ(xα) = 0}, where ϕ(xα) is the signed distance function that can
be expressed as ϕ(xα) = sign(nα(xα� exα ))min∥xα� exα ∥, while exα ={xα | xα2Γα} and α is the
coordinate indicator. The normal vector ñi to the interface Γd can be defined as ñi=ϕ,i/∥ϕ,i∥. The
latter is directed from Ω� to Ω+, and thus, the tangential vector emi may be expressed as a result of a
counterclockwise 90° rotation of ñi, as shown in Figure 1.

Within this body, a discontinuous motion vi(xα, t) can be described as a sum of two continuous
functions v̂i xα; tð Þ and ṽi xα; tð Þ combined with a discontinuous step function HΓd , that is,

vi xα; tð Þ ¼ v̂i xα; tð Þ þ HΓdevi xα; tð Þ (1)

Here, HΓd ¼ H ϕð Þ is the Heaviside function that can be expressed in its symmetric form as

H ϕð Þ ¼ 2∫ϕ�∞δ φð Þdφ� 1 ¼ þ1 ϕ≥0
�1 ϕ < 0

�
(2)

where δ(ϕ) is the Dirac delta function that is defined as singular at ϕ =0 and zero elsewhere. Denoting
a jump of a function at the point xα= exα located on discontinuity surface Γd as 〚 • 〛= • +� •�, the
discontinuous motion _gi can be defined as

_gi ¼ 〚vi〛 ¼ ħevi (3)

where ħ is the jump of the Heaviside function at xα ¼ exα and can be evaluated as ħ ¼ H ¼ Hþ�H�.
Based on the representation (2), it can be shown that ħ=2. Considering that H;i ϕð Þ ¼ H′ϕ;i and

H′ ϕ xαð Þð Þ ¼ ħδ ϕ xαð Þð Þ ¼ ħδΓd , the velocity gradient of the discontinuous motion (1) can be
expressed as

vi;j xα; tð Þ ¼ v̂i;j xα; tð Þ þ HΓdevi;j xα; tð Þ þ δΓd _gi tð Þenj (4)

where ñi=ϕ,i is the normal to the interface, as defined earlier.

2.1. Incorporation of discontinuous motion into the finite element approach: XFEM

Based on the partition-of-unity property of FEM interpolations, the enriched shape functions can be
directly incorporated into the approximation space through the generalized FEM or XFEM. Thus,
the discontinuous motion (1) can be approximated by
Figure 1. A body Ω with a discontinuity Γd.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1774–1790
DOI: 10.1002/nag



ON MODELING OF DISCRETE PROPAGATION OF LOCALIZED DAMAGE 1777
vhi xa; tð Þ ¼ v̂hi xa; tð Þ þ HΓdevhi xα; tð Þ ¼ ∑
I¼Î

N̂ I xαð Þ _̂dIi tð Þ þ ∑
I¼eIH ϕ xαð Þð ÞeNI xαð Þ _edIi tð Þ (5)

where N̂ I and ÑI are standard finite element shape functions, Î and Ĩ are sets of standard and enriched

nodes, and _̂dIi tð Þ and _edIi tð Þ are standard and enriched DOFs associated with node I and direction i,
respectively. In order to achieve a better representation of the enriched approximation and to avoid
the use of blending elements, the shifted form of the enrichment function H can be used, that is,

ψI xαð Þ ¼ H ϕ xαð Þð Þ � H ϕ xIα
� �� �

, as introduced in [41]. Note that the crack opening _ghi xα; tð Þ ¼
〚vhi xα; tð Þ〛 can be expressed as

_ghi xα; tð Þ ¼ ∑
I¼Î

〚N̂ I xαð Þ〛 _̂dIi tð Þ þ ∑
I¼eI〚ψ

I xαð ÞeNI xαð Þ〛 _edIi tð Þ ¼ ℏ∑
I¼eI eNI xαð Þ _edIi tð Þ (6)

where ħ is the jump in the shifted enrichment function, that is, ħ ¼ Hþ �H�.
2.2. Constitutive law with embedded discontinuity (CLED)

In order to incorporate a discontinuous motion into a constitutive model, one can invoke the additivity
postulate, similar to that employed in plasticity. Thus, the total strain rate _εij can be decomposed into _εij,
which describes the deformation in the intact part of the reference volume, and _eεij, which is due to the
discontinuous motion along the interface, that is,

_εij ¼ _εij þ _eεij (7)

The strain rate _εij itself can be decomposed into an elastic part and a plastic part, namely _εij ¼ _εeij þ _ε pij . In
order to define a proper measure for the discontinuous strain rate, Eq. (4) can be employed, which
provides an analytical representation of a motion that includes a discontinuity. As can be seen from
this equation, there are two parts associated with the motion; one is defined as vi;j ¼ v̂i;j þHevi;j and
describes the motion in the intact material, while the other one is associated with the discontinuous
motion along the interface, that is, δΓd _ginj

� �
. It is clear that the first part leads to the strain rate in the

intact part of the body, whereas the discontinuous part describes the strain rate due to the deformation
within the interfacial material. It is evident from the nature of the Dirac delta function that this
component acts only along the interface and it can be distributed over a small enough reference
volume through an averaging procedure. Thus, taking the volume average of this term, the

discontinuous strain _eεij can be defined as

_eεij ¼ 1
Δv

∫ΔvδΓd _ginj
� �s

dv ¼ 1
Δv

∫Δa _ginj
� �s

da (8)

where the superscript s refers to the symmetric part of the operator and Δa is the area of the
discontinuity inside the given reference volume Δv. Considering the last integral to represent an
average value of the dyadic product _ginj over the differential area Δa and defining χ =Δa/Δv, one
can approximate Eq. (8) as

_eεij ¼ Δa
Δv

_ginj
� �s

(9)
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1774–1790
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1778 E. HAGHIGHAT AND S. PIETRUSZCZAK
In conclusion, the strain decomposition including discontinuous motion can now be expressed as

_εij ¼ _εij þ _eεij ¼ _εeij þ _ε pij þ χ _ginj
� �s

(10)

Note that the representation (10) is, in fact, identical to the strain decomposition introduced in

reference [2]. In Eq. (10), one can interpret _εij as the deformation in the intact material and _eεij as
the discontinuous motion averaged over the corresponding reference volume. It should be noted
that in contrast to XFEM, where additional DOFs are introduced as external variables, the current
representation employs unknown rates of velocity discontinuities _gi, which can be defined through
a plasticity-based approach by imposing the continuity condition along the interface.

The strain localization is typically associated with an elastic response of the intact material. Thus, in
order to formulate the problem, we can invoke the elastic constitutive operator, so that

_σij ¼ De
ijkl _εkl � _eεkl� �

¼ De
ijkl _εkl � De

ijkl χ _gknlð Þ (11)

Now, the interfacial constitutive model relates the rate of traction, which is a function of the
discontinuous motion, to the velocity discontinuity _gi . Thus, _ti ¼ Kij _gj , where Kij is the tangential
stiffness operator for the interface material. By imposing the continuity condition ni _σij ¼ _tj ¼ Kji _gi
along the interface, the velocity discontinuity can be expressed as

_gi ¼ Kip þ χnrDe
ripsns

� ��1
nqD

e
pqkl _εkl (12)

Using now the relation (9), the associated discontinuous strain rate can be defined as

_eεij ¼ EijpqD
e
pqkl _εkl; Eijpq ¼ χni Kjp þ χnrDe

rjpsns
� ��1

nq (13)

Therefore, the constitutive relation for the case of embedded discontinuity takes the form

_σij ¼ eDijkl _εkl; eDijkl ¼ De
ijkl � De

ijpqEpqrsDe
rskl (14)

It should be pointed out that, unlike in the original smeared representation, the discontinuity is defined
here at the element level, not at individual Gauss points, and it is traced by the level-set method; thus,
the location and orientation of the crack are known exactly, as in XFEM. In this way, the value of the
characteristic dimension χ =Δa/Δv can be accurately assessed.

It is noted that if the intact material undergoes plastic deformation, the stress rate _σij should be
defined as

_σij ¼ eDijkl _εkl � _ε pkl
� �

(15)

In this case, the yield function f and the non-associated flow rule can be expressed as

f ¼ f σij; κ
� �

≤ 0; ψ ¼ ψ σij
� � ¼ const; _ε p

ij
¼ _λ

∂ψ
∂σij

(16)

where κ is a hardening parameter. For an active loading process, the consistency condition can be
written as
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1774–1790
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_f ¼ ∂f
∂σij

_σij þ ∂f
∂κ

∂κ
∂λ

_λ ¼ 0 (17)

Substituting now the stress rate defined in Eq. (15) one obtains, after some algebraic manipulations

_λ ¼ 1
H

∂f
∂σij

eDijkl _εkl; H ¼ ∂f
∂σij

eDijkl
∂ψ
∂σkl

� ∂f
∂κ

∂κ
∂λ (18)

Thus, by substituting relations (18) back into (15), the tangential stiffness operator can be defined as

_σij ¼ Dijkl _εkl; Dijkl ¼ eDijkl � 1
H
eDijkl

∂ψ
∂σkl

∂f
∂σrs

eDrskl (19)

In conclusion, for the elements that experience the localized deformation in the form of a
macrocrack/shear band, the trial stress rate can be found using Eq. (14), that is, assuming a linear
response of the intact material. If the trial stress does not violate the loading condition, no correction
is required. If not, that is, in the case of an active plastic process, the stress increment and the
tangential operator must be updated based on relation (19).
3. IMPLICIT INTEGRATION SCHEME FOR CONSTITUTIVE LAW WITH EMBEDDED
DISCONTINUITY

For the completeness of the presentation, the numerical integration scheme is briefly discussed here. In
the case of XFEM analysis, the nonlinearity of the interfacial material is handled within the Newton–
Raphson solver itself, as the discontinuous motion _gi is an external variable. At the same time, the
nonlinearity of the intact material can be dealt with using a standard implicit integration scheme.
The implementation of CLED requires, however, a development of an appropriate return mapping
algorithm, which is presented in the following.

The procedure invokes the specification of trial stress that is assessed using the elastic
stiffness operator. Thus, for an element with embedded discontinuity, the trial stress can be
expressed as

σtrialij ¼ σtij þ eDijklΔεkl (20)

where eDijkl is defined in Eq. (14). Once the trial stress is determined, the value of the yield function
must be evaluated. In the case where f trialðσtrialij ; κtÞ < 0 or f trialðσtrialij ; κtÞ ¼ 0∧ ∂f =∂σij

� �
Δσij < 0, the

material remains in the elastic range, so that the representation (14) results in a correct response. For
the case of an active loading process, that is, f trial ¼ f ðσtrialij ; κtÞ > 0, according to the return mapping
scheme [42], the residuals at iteration υ can be written in terms of stress and plastic strain increment
at t +Δt as

rijυ ¼ συij � σtij þ eDijkl Δεkl � Δεp;υkl

� �� �
f υ ¼ f συij; κ

υ
� � (21)

Using Newton–Raphson algorithm, residual (21) can be expressed as
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1774–1790
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rυþ1
ij ≈rυij þ

∂rij
∂σmn

δσυmn þ
∂rij
∂λ

δλυ ¼ 0

f υþ1≈f υ þ ∂f υ

∂σmn
δσυmn þ

∂f υ

∂λ
δλυ ¼ 0

(22)

Solving now Eq. (22) for (δλ, δσij)υ yields

δλυ ¼
f υ � ∂f

∂σij Q
�1
ijkl r

υ
kl

∂f
∂σij Q

�1
ijkl

eDklmn
∂ψ
∂σmn �

∂f
∂κ

∂κ
∂λ

; δσυij ¼ �Dijkl
∂ψ
∂σkl

δλυ (23)

where Qijkl = δijδkl+Δλ(∂2ψ/∂σij∂σkl). Note that if increments are small enough, Δλ→ 0, one obtains
Qijkl≈ δijδkl. Thus, stress updates can be expressed as

Δσυþ1
ij ¼ Δσυij þ δσυij

Δλυþ1 ¼ Δλυ þ δλυ
(24)

This correction process must be continued until convergence is achieved, that is, f ðσυþ1
ij ; κυþ1Þ≤ 0.

Note that at the end of each iteration, Δgi , Δσij, and Dijkl must be updated as the discontinuous
motion Δ _gi is a function of the stress state.
4. CRACK PROPAGATION STRATEGY: INITIATION AND TRACING THE DIRECTION

The assessment of the onset of localized deformation, which is associated with formation of
macrocracks and/or shear bands, involves different approaches that include bifurcation analysis
[43], critical plane framework [44], and non-local criteria for pre-existing defects [45]. A
simplified approach that is most frequently employed incorporates an assumption that the
localization occurs when the trajectory describing the given stress state approaches the failure
surface, which is defined as a local path-independent criterion. For simplicity, the latter approach
is followed here, whereby the maximum tensile strength criterion (for the cohesive crack
propagation) and the Mohr–Coulomb criterion (for the description of frictional shear band
formation) are employed.

As proposed in a number of previous studies, for example, [24], the level-set method can be used for
tracing the propagating crack. Based on this methodology, a moving/propagating interface Γd(t) can be
defined as the zero level set of a function ϕ(xα, t), that is, Γd(t) = {xα|ϕ(xα, t) = 0}. A function that can
represent such a property is the signed distance function as proposed in [46]. For the numerical
simulations conducted here, the level-set method has been coupled with both XFEM and FEM/CLED.

In most of the published works, the J-integral method is used to evaluate the stress intensity factors
and to define the direction of the crack propagation. However, the main drawback associated with this
method is that it is limited to elastic–brittle materials that undergo a tensile damage. As mentioned
earlier, a simple and effective way of defining the onset of fracture and the direction of the
propagating crack is to invoke a specific form of the failure criterion. For failure in tension, for
example, the maximum tensile stress criterion may be employed, which stipulates that the direction
of the crack is perpendicular to that of the major principal stress. In the case of frictional materials,
commonly described by the Mohr–Coulomb criterion, the crack is also said to form at a prescribed
orientation, that is, ± (45+ϕ/2) relative to the direction of the minor principal stress. It should be
pointed out that the integral approaches, such as the J-integral method, have an implicit averaging
nature, that is, they provide average measures defined over a domain of interest. Using a similar
concept of average property, a simple algorithm is implemented here for assessing the direction of
propagation of the discontinuity surface. In a typical scenario, the stress state at most integration
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1774–1790
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Figure 2. Crack propagation methodology used for both XFEM and FEM/CLED.
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points in the vicinity of the crack tip is close to the failure envelope. Therefore, the scheme used here
for assessing the direction of propagation is based on checking the failure criterion at the integration
points adjacent to the tip element. The average direction of propagation is then established based on
the orientations associated with the neighboring integration points. This algorithm is illustrated
schematically in Figure 2. Note that by implementing this methodology, a stable crack pattern
propagation is achieved for both XFEM and CLED, which is not the case without incorporation of
the averaging scheme.
5. NUMERICAL SIMULATIONS

In this section, different boundary value problems are examined involving both FEM with a
discontinuity embedded within the constitutive relation and XFEM. Note that XFEM is used here as
a verification tool for assessing the accuracy of the results based on FEM/CLED formulation. The
primary focus is on examining the damage propagation in frictional materials; however, for a more
complete representation, some illustrative examples involving cohesive crack propagation are also
provided. The key results are discussed in two separate sections; each section starting with a brief
review of the interfacial model that is employed for the associated numerical study. For the case of
crack propagation, the first example is based on the work reported in [38], while the second one
incorporates the results of an experimental study conducted in [39]. For the strain localization
involving a shear band formation, a plane strain biaxial test reported in reference [40] is simulated
first. This study also involves an examination of the issue of sensitivity of the solution to mesh
size/alignment. Later, numerical simulations involving an assessment of stability of a slope
excavated in a material with an apparent cohesion are provided. All simulations reported here
involve two-dimensional configurations.

5.1. Cohesive crack propagation: interface model and the results of numerical simulations

For this study, a cohesive crack model with an exponential decay has been employed (after reference
[47]). Within this framework, the tensile strength of the material is defined as

F t gnð Þ ¼ Ft exp
�Ft

G
gn

� �
(25)

where Ft is the initial strength at the onset of fracture, G is the fracture energy release rate, andF t gnð Þ is
the tensile strength at separation gn. The failure function is defined as

f tn; gnð Þ ¼ tn � F t gnð Þ (26)

For an active loading process, setting f(tn, gn) = 0 will clearly result in tn ¼ F t gnð Þ . For the
simulations conducted here, it was assumed that tangential component of cohesive force is
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1774–1790
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negligible, that is, tm=0. Therefore, the constitutive relation in the local coordinate system, along
the crack, can be expressed as

t�i ¼ K�
ij _g

�
j ; K�

ij ¼
� F2

t

Gf
exp �Ft

Gf
gn

� �
i ¼ j ¼ 1

0 otherwise

8<
: (27)

where K�
ij is the tangential operator.

5.1.1. Double-cantilever beam test. The first example involves the simulation of mode 1 crack
propagation in a double-cantilever beam. The geometry and the boundary conditions are shown in
Figure 3 and were chosen based on the information provided in reference [38]. The beam has
dimensions of 400×200mm with a thickness of 1000mm; the notch is 120×12.5mm. Because of
the symmetry, only half of the domain was discretized. Following the original reference, a total
number of 1005 structured quadrilateral elements were employed. The beam was analyzed under
plane stress condition.

The load consisted of applying the vertical displacement at point A of the beam, and the material
properties were taken as

E ¼ 36:5GPa; f t ¼ 3MPa; v ¼ 0:18; Gf ¼ 3N=m (28)

Note that the value of Gf, assumed after reference [38], is quite low, which is indicative of a relatively
high strain-softening rate. Reference [38] provides a detailed discussion on the influence of Gf on the
solution, in particular on the issue of convergence.

The resultant force-versus-displacement characteristics are depicted in Figure 4 for FEM/CLED as
well as XFEM simulations. It is noted that, for both solutions, the descending branch exhibits some
oscillations, which are purely numerical. The problem may be rectified by incorporating more
refined implicit/explicit integration schemes (cf. [38]). The cracking pattern superimposed on the
vertical displacement field is shown in Figure 5. It is evident here that virtually identical response is
obtained from both methodologies, in terms of the cracking pattern as well as the mechanical
characteristics.

5.1.2. Mixed-mode cracking of concrete. The example given here involves the simulation of
experimental tests conducted by Galvez and his co-workers [39] at Delft University. The geometry
of the problem is shown in Figure 6. The problem involves a four-point bending of a notched
concrete beam under the action of two independent actuators.
Figure 3. Geometry and boundary conditions for the double-cantilever beam (CMOD – crack mouth open-
ing displacement).

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2015; 39:1774–1790
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Figure 5. Cracking pattern from both FEM/CLED and XFEM simulations superimposed on vertical
displacement contours.

Figure 6. Mixed-mode cracking problem: geometry and boundary conditions.
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Figure 4. Force displacement response of the structure.
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In the original experimental studies, the specimens were tested at different values of D and K. The
simulations conducted here correspond to D=300mm and involve two limiting cases of the value of K,
namely, K=0 (no constraint) and K→∞ (point A fixed). The problem was again considered as plane
stress and was analyzed as displacement controlled (viz. δ). The material properties were taken as
follows:
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Figure 8. Deformed shape for both FEM/CLED and XFEM simulations; left: K= 0 and right: K→∞.
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Figure 9. Load versus crack mouth opening displacement and load versus vertical displacement response
(K= 0).
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Figure 7. Left: cracking pattern from FEM/CLED and XFEM analysis. Right: experimental results [39].
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E ¼ 38GPa; v ¼ 0:2; f t ¼ 3MPa; Gf ¼ 70N=m (29)

while the thickness was assumed to be equal to 50mm.
The cracking pattern, for both cases considered in the analysis, is shown in Figure 7 together with

the relevant experimental data. Figure 8 shows the scaled images of the deformed shape for
FEM/CLED as well as XFEM simulations. The load versus crack mouth opening displacement and
load–vertical displacement characteristics are plotted in Figures 9 and 10, respectively. It is quite
evident that the predictions using both methodologies are virtually identical and are fairly consistent
with the experimental data reported in reference [34].
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5.2. Shear band localization: interface model and the results of numerical simulations

For the case involving localized deformation associated with the inception of a shear band, a frictional
contact model is incorporated. The yield and the plastic potential surfaces are defined as

f tn; tmð Þ ¼ tmj j þ μ γð Þ tn þ cð Þ ¼ 0; ψ tmð Þ ¼ tmj j ¼ const; γ ¼ gmj j (30)

where (tn, tm) are the normal and tangential components of the traction vector, gm is the tangential
displacement along the interface, and γ is the strain-softening parameter that is identified with gm.
The softening function is assumed in an exponential form

μ ¼ μr þ μ0 � μrð Þexp αγð Þ (31)

where μ0 is the value of friction coefficient at failure, μr is the residual value, and the parameter α
controls the rate of softening. The constitutive relation can be formulated by invoking the standard
plasticity formalism.

5.2.1. Modeling of localized deformation in a biaxial test on dense sand. The numerical analysis
carried out here involves the simulation of a biaxial (plane strain) test conducted on a dense Ottawa
sand at the confinement of 100 kPa [40]. The sample had dimensions of 83.3 × 152.4 ×80.8mm, and
the deformation was recorded by digital monitoring of nodal displacements of the grid that was
imprinted on the membrane surface (Figure 11).
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Figure 11. Shear band formation in biaxial plane strain test: (a) cracking pattern and post-localization defor-
mation mode and (b) load–axial displacement curve.
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Figure 12. Post-failure response of the sample; left: FEM/CLED; right: XFEM analysis.
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The simulations were carried out assuming that the material remains elastic prior to the onset of
localization. The latter was defined as η→ ηf in the classical Mohr–Coulomb criterion. In the
softening regime, the response was said to be associated with a localized deformation mode,
whereby the behavior of the shear band material was described through the interfacial constitutive
model defined viz. Eq. (30). The key material properties, as reported in reference [40], were as follows:

E ¼ 23MPa; v ¼ 0:3; ϕ ¼ 48:2°

where ϕ is the friction angle. For the interface, three different values of the residual friction coefficient
were selected, namely μr=μ0 (perfectly plastic response), μr=0.8μ0 (i.e., 20% degradation) and
μr=0.3μ0.

The boundary conditions involved no friction at the end platens, while the localization was triggered
by introducing an inhomogeneity in the center of the specimen (20% increase in the value of E). For
the localized deformation mode, it was assumed that the shear band within an element forms at 57°
with respect to the horizontal, which was the actual value measured in the experiment. Note that this
value is lower than the usual estimate based on the Mohr–Coulomb criterion, that is, 45° +ϕ/2,
which is likely because the material displayed some inherent anisotropy. It is noted again that the
orientation of the localization plane can, in general, be determined through an independent criterion,
such as that associated with the bifurcation properties of the constitutive relation (cf. [43, 48]).

The main results of simulations are presented in Figures 11 and 12. Figure 11 shows the deformation
mode, both the predicted and the experimentally observed, together with the corresponding material
characteristics. The results of simulations are, in general, fairly consistent with the experimental data.

It is noted that the analysis presented previously employs a mesh that is oriented along the shear
band in order to avoid potential numerical issues. In general, however, the results of simulations
based on FEM/CLED are virtually independent of discretization, as the mathematical framework
incorporates a characteristic dimension. In order to demonstrate this, a sensitivity analysis has been
conducted employing, in addition to a previous mesh, two structured grids of different sizes. The
results, which are shown in Figure 13, clearly indicate that the predicted localization patterns as well
as the global mechanical characteristics are almost the same for all three types of FE meshes.

5.2.2. Modeling of shear band initiation and propagation in a cohesive slope subjected to foundation
loading. The last example given here involves an assessment of stability of a slope in cohesive soil
(overconsolidated silty clay) subjected to a foundation loading. The geometry adopted is shown
Figure 14. The soil was modeled using a plasticity-based deviatoric hardening model [49, 50], while
the foundation was assumed to be rigid-elastic. The material properties for the soil were taken as
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Figure 13. Mesh sensitivity analysis of shear band formation in biaxial compression test.

Figure 14. Geometry of the slope and the boundary conditions; H=10m.

Figure 15. Failure ratio at different stages of shear band propagation; top: FEM/CLED; bottom: XFEM
simulations.
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E ¼ 100 MPa; ν ¼ 0:35; ηf ¼ 0:98; ηc ¼ 0:77; C ¼ 40 kPa; A ¼ 1:0�10�5

where ηf and ηc are the slope of the Mohr–Coulomb failure line and the dilation lines in p–q space,
respectively, C is the cohesion, and A is the hardening parameter. For the interfacial properties, a
cohesionless Mohr–Coulomb criterion was assumed, as described earlier. Here, the friction
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Figure 16. Force displacement response from both FEM/CLED and XFEM.

Figure 17. Shear band pattern.
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coefficient is measured as eηf ¼ τ=σ, where σ and τ are normal and tangential values of traction acting
along the interface at the onset of localization. A degradation of 30% over a sliding of 0.1mm, along
with kn= km=10

�8N/m, was assumed for the interfacial model.
The boundary conditions are shown in Figure 14. The first step involved the analysis due to ownweight

of soil. Later, the foundation load was imposed through 100 increments. The criterion for the onset of
localization was set as η→0.9ηf. The direction of the shear band was established as (i.e., 45+phi/2)
which corresponds to the orientation that maximizes the Coulomb failure function.

Figure 15 shows the distribution of the failure ratio η/ηf at three different stages of the loading
process. The shear band is initiated at the left corner of the foundation. Subsequently, the main
localized zone forms at the right-hand side and propagates until a complete failure of the slope. The
load–displacement response and the cracking pattern at the end of simulation are plotted in
Figures 16 and 17. Once again, it is evident that the value of the critical load triggering the loss of
stability is virtually the same for both methodologies, that is, FEM/CLED and XFEM.
6. CONCLUDING REMARKS

The present study was focused on simulation of cohesive crack propagation as well as modeling of the
onset and propagation of localized deformation associated with a shear band formation. The primary
methodology employed here involved a constitutive relation with embedded discontinuity. A new
formulation was presented based on the description of discontinuous motion, and an implicit
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integration scheme was derived incorporating nonlinear properties of the intact material. The approach
was coupled with the level-set method for explicit modeling of the discrete crack propagation process.
Four different sets of numerical simulations were conducted. The first example involved cohesive
mode 1 crack propagation. Next, a mixed-mode cracking was examined by simulating the
experimental study of Galvez et al. [34]. Subsequently, the localized deformation associated with
formation of a shear band was investigated. The analysis involved the simulation of a plane strain
test on a granular material as well as the problem involving the assessment of slope stability. For all
studied problems, a close correlation between the results from FEM/CLED and XFEM was achieved
in terms of both the failure mechanism (that is, the cracking/shear band pattern) as well as the global
load–displacement response; in particular, the assessment of ultimate load.
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